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Chapter 1

Introduction

The field of quantum optics concerns the study of quantum mechanical coherence associated with electro-
magnetic fields, as well as the interaction of electromagnetic radiation with atoms and molecules. This area
has been enormously active in the past few decades since the development of the laser. The field has grown
so much that it is not possible to cover the entire field in a single course. The purpose of PHYS 572 is to
give an introduction so that you know the basics and can read the literature of the current research.
Motivations for the work in this area has been provided both by the chance to do fundamental physics,
and by the possibility of applications such as optical memories, optical communications, etc. Many funda-
mental experiments leading up to the development of quantum mechanics, including the photoelectric effect,
blackbody radiation were all atom-optical experiments. Many of the gedanken experiments that were beyond
the technology of the day, but whose theoretical study was crucial to the development of quantum theory,
are now realizable in the laboratory. Quantum optics therefore offers the opportunity to gain new insight
into these features of quantum theory by actually carrying out in the laboratory the gedanken experiments.

First let us examine the concept of photon.

1.1 The Photon Concept

The wave-particle duality is one of the most important concepts in quantum mechanics. In quantum optics,
we are particularly interested in the wave-particle nature of the light. Classically, the wave theory describes
light perfectly well: light is electromagnetic waves obeying the Maxwell’s equations. So what kinds of
phenomena demand to invoke the particle nature of light for explanation?

Planck’s blackbody radiation theory prompted the quantum revolution. But he was thinking in terms
of quantizing the energies of the oscillators in the walls of his cavity, not quantizing the radiation field
itself. Einstein was granted the Nobel prize for his explanation of photoelectric effect using the photon
hypothesis. But a semiclassical theory, in which the light is treated classically but the matter is treated
quantum mechanically according to the Schrodinger equation, explains the effect equally well. We need to
look elsewhere.

Now consider the light produced in the “atomic cascade” of Ca atom spontaneously emitting through
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Figure 1-1: Level diagram of Ca.

the transitions 6 1Sy — 4P, — 415, whose level diagram is shown in Fig. 1. The intermediate 4 ' P; state
is very short lived, i.e., I', > I',. Thus any photon emitted at 551.3 nm on the upper transition must be
correlated with the emission of a 422.7 nm photon on the lower transition. In addition, because the atom
starts and ends in a state with zero total angular momentum, these two photons must be anti-correlated
in their helicity. Are there observable phenomena associated with the light produced in such a system that

cannot be accounted for the by the semiclassical theory? The answer is, yes, many!
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Figure 1-2: Light detection experiment.

Here is one particular striking example. Consider the experiment sketched in Fig. 2. Using the photons
produced in the atomic cascade of Ca, an ensemble of single photon states is prepared by using one of the
photons (falling to detector 'D’) as a “trigger” for coincidence detection of the other. A 50:50 beam splitter
and two photo detectors D; and Dy are placed equidistant from the Ca source. Let Iy be the intensity of
the incident light. According to the classical theory, the incident field, no matter how weak, will be equally
divided at the beam splitter. Hence we have I = Iy = Iy/2. The coincidence counter C measures the

intensity correlation I. = (I;I3) = (I2)/4. Using the inequality (I3) > (Iy)?, we have then
I. = (I112) = (I1)(I2) (1.1)

This result is in sharp contrast to the prediction of quantum mechanics. Suppose the radiation incidence
on the beam splitter consists of a single photon, and the experiment is repeated many times with an ensemble
of identically prepared photons. Because the photon is an indivisible object, it cannot be detected at both
output ports of the beam splitter simultaneously. They we expect the number of coincidence counts to be

strictly zero.



The experiment was carried out by Aspect et al. at the Institut d’Optique in Orsay, France [J. Opitcs
(Paris), 20, 119 (1989)]. Their result was consistent with the quantum prediction, hence experimentally
confirmed the existence of photon.

One may ask why use atomic cascade? One can attenuate light from a classical light source to such a
degree that the average number of photons detected in a time interval T is much smaller than one, then
the number of coincidence counts should be expected to violate the classical inequality (1.1). Aspect et al.
performed this experiment by attenuating a light pulse produced by a photodiode such that in the duration

of one pulse the photon number is ~ 0.01. However, the inequality (1.1) is not violated under this situation.

1.2 Resonant Photon-Atom Interaction

The second part of this course concerns the interaction between photon and atom. We assume that the atom
and the field are separate entities that interact with each other while maintaining their separate identities.
Thus the field is neither too strong to yank the atom apart, nor too high in frequency to directly ionize the
atom to a highly excited state.

We can use the Bohr-Sommerfeld model to estimate the range of parameters we are interested in. The
simplest Bohr atom has a proton at the center and an electron orbiting it with Bohr radius ag = 0.529
angstrom. The Coulomb interaction gives rise to a electric field about 5.14 x 10** V/m. To achieve such an
electric field, requires a laser with intensity 8.3 x 106 W/cm?. So quantum optics as we defined does not
exist for fields stronger than about 107 W/cm?. At this point the electron interacts as strongly with optical
field as it does the nucleus.

In fact it is not necessary to achieve fields remotely this strong to produce dramatic effects. The cross
section for an atom to absorb an optical photon is generally of the order of one squared angstrom, but when
the frequency of the photon matches the transition frequency of the atom, the cross section can be enhanced
by many orders of magnitude (to be as large as the square of the optical wavelength). An isolated atom
can dissipate the absorbed energy only by reradiating it. The maximum rate at which an atom can radiate
is the spontaneous emission rate. For a typical optical transition that rate is about 108 photons/second. A
resonant laser beam with an intensity of 1 mW /cm? can supply photons this fast to the atom. It is therefore

this greatly enhanced interaction of resonant optical fields that will be the main subject of this course.



Chapter 2

Quantum Mechanical Background

2.1 Review of Quantum Mechanics

e States: Our best possible knowledge about a quantum mechanical system, represented by wave function
¥(r,t) which allows us to calculate the expectation values of all observables of interest, the quantity

|9(r,t)|? d®r is the probability of finding the system in the volume element d®r.

e Observables: Physical quantities, represented by Hermitian operators O(r) and its expectation value

is given in terms of ¥ (r,t) by ($|O|)(t) = [ dPr*(r,t)O(r)e(r, ).

e Dynamics: Time evolution of the quantum system. Different pictures: Schrédinger, Heisenberg and

Interaction.

2.2 Dynamics: Schrodinger, Heisenberg and Interaction Pictures

Different pictures may offer different insights to a particular problem. One should use the picture that makes
life easier.
In the Schrédinger picture, the state wave function evolves in time while the operators are time-independent.

Integrating the Schrédinger equation results in the dynamics of the wave function:

[¥s(t)) = U(t,0)|¢5(0))
where U(t,0) is the time evolution operator which satisfies

9
ih=-U(t,0) = HU(t,0)

If H is time-independent, then U(t,0) = exp(—iHt/h). The expectation value of an operator 05 is then

(O)(#) = (s (IO [ps(1)) = (s (0)| U (t,0) 0P U (X, 0)[1ps(0))
In the Heisenberg picture, the state is time-independent (i.e., |¢g) = |¢s(0))), while the operator evolves
in time

O (t)y = U~1(t,0)009U (t,0)



It’s easy to see that O(H)(t) satisfies the Heisenbergy equation of motion:

d

ihaOA(H)(t) = [0 (t), H]

In many cases, we find that we are dealing with a Hamiltonian of the form H = Hy + V', where Hy is the
“bare” Hamiltonian and V represents the interaction. Usually we already know the solutions of the problem
with the bare Hamiltonian Hy. In these situations, the Interaction picture is often the most convenient one.

More formally, we substitute the state vector
[¥s(t)) = Uo(t,0)[¢1(t))

where Uy (t,0) = exp(—iHpt/h), into the Schrédinger equation. We then have

i () = Vil (1)
with the Interaction picture interaction energy

Vi(t) = Uy (t,0)VU(t,0)
We can also find the expectation value of an operator as

(O)(t) = (r(D)OD ()1 (#))

where

O (t) = Uy ' (t,0)09) Uy (¢, 0)

Therefore we eliminate the part of the problem whose solution we already know, and concentrate on the

unknown part.

2.3 Density Operator

2.3.1 A state vector is not enough

-100 [+10 polarization
filter

Figure 2-1: Light detection experiment.

Consider the experiment outlined in the figure. The atom is initially prepared in the excited state. It can
decay to state | —1) (] +1)) by emitting a o-polarized (o_-polarized) photon. A photodector is placed after

a polarization filter. Suppose the experimentalist told us that she used a curcular-polarized filter, but refused



to tell us whether it’s o4 or o_ polarized, i.e., she had a 50:50 chance to choose either one. After a photon
is detected, what is the state of the atom? We can not say the state is given by a quantum superposition of
| — 1) and | + 1), since the uncertainty here is ‘classical’.

A quantum state can be described by a state vector. However, in many situations, we don’t have a full
knowledge about the state of the system. Such situations arise, for example, when the system is coupled to
a reservoir and we can no longer keep track of all the degrees of freedom.

Let us try to gain some insight from the following example. Given a particle with a state described by

state vector |1). The probability density to find the particle at z is

P(z) = [(z[)|* = (z|¢)(W]2) = (z|plx)

where we have introduced the hermitian operator

p= o)
This operator is called the density operator since we can use it to calculate probability densities.

Suppose the state |¢) is expanded onto a complete basis {|m)} as

= Zcm|m>

then the density operator reads:

p= ZCan|m (n| = men‘m

m,n m,n

The complex-valued numbers p,,, = ¢pc), form a matrix consisting of products made out of the expansion
coefficients ¢,,,. The matrix formed by p,,, is called the density matrix.
Now suppose we don’t have good knowledge about the state. We only know that the system has proba-

bility P, = |e|? to be in state |m), but no information on phase is gained. In other words, we have

— ./ Pm eid)nz

where ¢,, is a random phase. Then we need to average over these phases in order to calculate any expectation

values. The density matrix element p,,, averaged over the phase becomes

Pmn = CmCl = /) Py Ppet(@m=0n) = P65,
and the density operator becomes

5= 3" Pulm)im

In conclusion, we have two kinds of averages: The first one results from quantum mechanics and the fact
that a quantum state can only provide a statistical description. The second average is a classical one. It
reflects the fact that we do not have complete information about the system (in the example above, we don’t
know the phases of the probability amplitudes): We do not know in which quantum state the system is.

In the example given above, we have a 50:50 mixture of the states |£) which can be described by the
density operator: p = (| — 1)(=1| + | + 1)(+1])/2.

(Now think the following question: what if the experimentalist told us that she used a linear polarization

filter? What if we know the atom has emitted a photon, but the photon is left undetected?)



2.3.2 Definition and properties

For a set of states [¢,,) (m =0,1,2,...), the density operator is defined as
P =" Ponlthm)(tm]
m

where P, is the classical probability with which state |¢,,) appears. Note that in the definition, the states
|tr,) don’t have to form an orthonormal set, but the density operator is most conveniently defined if they

do. So we’ll take such an assumption. Under this condition, we have

(Ympltm) = P

Since P, are probabilities, they have to add up to unity, hence
Trp = (Wmlpltom) =D P =1

Let us take this opportunity to say a few words about the trace of operator.

e The definition of the trace of the operator O reads

T0 = 3 (¢l Oltin)

where |t,,,) is a complete set of states. Hence

1= Z ‘¢7rz><¢m‘

m

Therefore,

0 =101 =" [¥m) ($m|Oltbn) (¥n] = > O thm) (]

mn

with Omp = (¥ |O]thn). And the trace of O is indeed the sum over the diagonal elements Ojpp,.

e Trace is independent of representation To show this, let us consider a different complete set of

orthonormal states |¢,) and 1 =" |¢,)(¢n|. Then

TrO

Z<"/’m|101|wm> = Z <wm‘¢n><¢n|é|¢l><¢l|wm>

m m,n,l

n,l

= Z(Snl<¢n|é‘¢l>

n,l

o Tr[AB] = Tr[BA]

¢ Expectation value is the Trace The trace operation allows us to calculate expectation values of

operators. First, the expectation value of operator O is defined as

<O> = Z Pm<wm‘OA|1/)m>



It can be easily shown that
(0) = Tr(0)
Using the above property, we have the following properties for density operator:

e (p) < 1since (p) = Tr[pp| = >, P2 <>, Pm = 1. The equal sign occurs if and only if there is one
single state |¢);) contributing to the sum, i.e., P, = 0j;,. In this case, the quantum system is described

by a single state, and is therefore a pure state. Otherwise, the state is call a mixed state.

e The matrix elements of the density matrix in any basis {|1,)} is given by

Prm = (Vnlplvm) = Piun

and are constrained by the inequality

where the equal sign holds for pure state.

The proof of the inequality goes as follows: Define two states as

|61) = 2 Wn), 16) = 52 [tom)
then we have
<¢1|¢2> = Pnm> <¢1‘¢1> = Pnn, <¢2|¢2> = Pmm

and the inequality (3.1) follows from the Cauchy-Schwarz inequality

[(1]¢2)] < (D1]¢1) (2] )

To show that the equal sign holds in (3.1) for a pure state, we realize that the operator $'/2 can be written

as
:51/2 = Z Von|An) (Anl
n

where {|\,)} is a set of basis states where the density matrix is diagonal, i.e., p = > on|A\y)(Ayn|. For a
pure state, one and only one of the o,’s will be equal to 1 and all the other will be zero. Let’s say o,, = d,1,

then we have
|p1) = (M[m) A1), [d2) = (Ailtdm) A1)

i.e., |¢1) and |p2) correspond to the same state with a c-number constant factor. Thus, the equal sign holds

for the Cauchy-Schwarz inequality, hence also for (3.1).

2.3.3 Reduced Density Operator

A system may consist of two subsystems A and B, and the total density operator is given by pap. If we are
only care about the subsystem A, for example, we want to calculate the expectation value of an operator

O, that only operates on A, then we have

(0) = Trap[Oapap) = Tra[OaTrp[pas]] = Tra[Oapal



where pa = Trg[pap] is call the reduced density operator for subsystem A.
The state is separable if p4ap = pa ® pp, and entangled if otherwise. In the light detection example
above, if the photon is left on detected, we have an entangled state |¢) = (| + 1)|o_) + | — 1)|oy))/V/2 with

the density operator

[+ D @o Mo |+ [+ 1){(-1@|o)or[+ ] = D{+1 @ o) o[+ ] = 1){-1] & |ot){o+]]

N —

pA:

2.3.4 Time evolution of the density operator

More generally, the density matrix operator, introduced as a device to represent our knowledge of the initial
state of the quantum system under study, is frequently employed for time-dependent purposes. How can a
bookkeeping statement about the system at ¢ = 0 acquire dynamic properties? The answer is, by switching

from the Heisenberg picture to the Schrodinger picture. To see this, consider the expectation value of O:
(O)(t) = Te[pOM™) (1)) = Tx[pU " (¢,0)0 U (¢, 0)] = Tx[U(t, 0)pU " (£,0)09] = Tr[p(t) O]
where
pt) = U(t,0)pU~(t,0)

Note that p(t) and p are not related in the same way as any Heisenberg operators O (¢) and O (0) = O5)

are related, since

O (ty = U~Y(t,0009 U (t,0)
The consequence of this difference is that p(t) obeys an equation of motion:

S o(1) = H, (1)

which is sometimes called the quantum Liouville equation.

In the Interaction picture, we have
pO(t) = Uy ' (£,0)5(t)Uo(t,0)

and the equation of motion takes the form

which can be formally integrated to give

pO(t) = pD(0) + iﬁ /0 Vi), o0 (t1)])dts (2.3)

To first order, we can substitute p(!)(¢;) in the integral by its initial value, then

P00 =100 + 5 [ Vi), o)

Similarly we can obtain the second order approximation as

P00 = 500 + 3 [ i), OO+ g [ an [ daie). i), p0)

7
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Chapter 3

Density Matrix

3.1 A state vector is not enough

A quantum state can be described by a state vector. However, in many situations, we don’t have a full
knowledge about the state of the system. Such situations arise, for example, when the system is coupled to
a reservoir and we can no longer keep track of all the degrees of freedom.

Let us try to gain some insight from the following example. Given a particle with a state described by

state vector |1). The probability density to find the particle at x is
P(z) = [{z]p)|* = (zp) (¢|z) = (z]plx)
where we have introduced the hermitian operator

)Yl

p
This operator is called the density operator since we can use it to calculate probability densities.

Suppose the state |1)) is expanded onto a complete basis {|m)} as

) =3 elm)

then the density operator reads:

p= cmenlm)(nl = ppnlm)(n|
m,n m,n

The complex-valued numbers pp,, = ¢nc}, form a matrix consisting of products made out of the expansion
coefficients ¢,,. The matrix formed by p,, is called the density matrix.
Now suppose we don’t have good knowledge about the state. We only know that the system has proba-

bility P, = |em|? to be in state |m), but no information on phase is gained. In other words, we have
cm =V Pnm eid)m

where ¢,, is a random phase. Then we need to average over these phases in order to calculate any expectation

values. The density matrix element p,,, averaged over the phase becomes

Pmn = CmCZ — \/Pmpnei(¢m*¢n — Pm(smn
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and the density operator becomes

p=">_ Pulm)(m|

m

In conclusion, we have two kinds of averages: The first one results from quantum mechanics and the fact
that a quantum state can only provide a statistical description. The second average is a classical one. It
reflects the fact that we don not have complete information about the system (in the example above, we
don’t know the phases of the probability amplitudes): We do not know in which quantum state the system
is.
3.2 Definition and properties

For a set of states [¢,,) (m =0,1,2,...), the density operator is defined as
p= mewm)(qu‘

where P, is the classical probability with which state |¢,,) appears. Note that in the definition, the states
|tr) don’t have to form an orthonormal set, but the density operator is most conveniently defined if they

do. So we’ll take such an assumption. Under this condition, we have
<7/Jm|ﬁ|wm> =Py
Since P, are probabilities, they have to add up to unity, hence
Trp = Z<¢m|ﬁ|¢m> = me =1
m m
Let us take this opportunity to say a few words about the trace of operator.

e The definition of the trace of the operator O reads
TeO = (Y Olthm)
where [¢,,,) is a complete set of states. Hence
1= [¢m)(ml
m

Therefore,

O = 101 = Z ‘me><wm|é|"/}n><¢n| = Z Omn|wm><wn|
with Oy, = <¢m|OA|1/)n>. And the trace of O is indeed the sum over the diagonal elements O,,,,.

e Trace is independent of representation To show this, let us consider a different complete set of
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orthonormal states |¢,) and 1 =" |¢,)(¢n|. Then

TO = 3 (Yml101gm) = D (mldn)(énlOldr)(d11$m)

m m,n,l

= D (o <Z|wm><wm|> 60 (3|0|61)

n,l

= Y u(¢alOln)

n,l

= 3(6al0l6n)

n

o Tr[AB] = Tr[BA]

e Expectation value is the Trace The trace operation allows us to calculate expectation values of

operators. First, the expectation value of operator O is defined as

<O> = Z PM<¢m‘O|¢m>

It can be easily shown that

(0) = (0]
Using the above property, we have the following properties for density operator:

e (p) < 1since (p) =Tr[pp| =>_, P2 <> P, = 1. The equal sign occurs if and only if there is one
single state |¢);) contributing to the sum, i.e., P, = 0j;,. In this case, the quantum system is described

by a single state, and is therefore a pure state. Otherwise, the state is call a mixed state.
e The matrix elements of the density matrix in any basis {|i,)} is given by
Prm = (Unlpltm) = prn
and are constrained by the inequality
PrmPmn < PrnPmm (3.1)
where the equal sign holds for pure state.
The proof of the inequality goes as follows: Define two states as
[61) = P2 [n), 16) = 5V tom)
then we have

<¢1|¢2> = Pnm, <¢1‘¢1> = Pnn, <¢2|¢2> = Pmm

and the inequality (3.1) follows from the Cauchy-Schwarz inequality

(1] ¢2)]? < (D1]¢1) (2] b2)
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To show that the equal sign holds in (3.1) for a pure state, we realize that the operator p/? can be written

as
PAl/Q = Z Vn|An) (An|

where {|)\,)} is a set of basis states where the density matrix is diagonal, i.e., p = >, on|An)(An|. For a
pure state, one and only one of the o,’s will be equal to 1 and all the other will be zero. Let’s say o,, = 0,1,
then we have

[91) = Malvn) A1), [d2) = (Aaltpm)| A1)
i.e., |¢1) and |¢2) correspond to the same state with a c-number constant factor. Thus, the equal sign holds

for the Cauchy-Schwarz inequality, hence also for (3.1).

3.3 Time evolution of the density operator

The density matrix operator, introduced as a device to represent our knowledge of the initial state of the
quantum system under study, is frequently employed for time-dependent purposes. How can a bookkeeping
statement about the system at ¢ = 0 acquire dynamic properties? The answer is, by switching from the

Heisenberg picture to the Schrédinger picture. To see this, consider the expectation value of O:
(O(t)) = Tr[pO] = Tx[pU ~(£,0)0(0)U (¢, 0)] = Tr[U(£,0)pU " (t,0)0(0)] = Tr[(t)O(0)]
where
pt) = U(t,0)pU(t,0)
and U(t,0) is the time evolution operator which satisfies

0
ihgU(t,0) = HU(t,0)

Note that j(t) and p are not related in the same way as any Heisenberg operators O(t) and O(0) are related,
since

Ot) = U™ (t,0)0(0)U(t,0)

The consequence of this difference is that 5(t) obeys an equation of motion:
ihp(t) = [H, f]

which is sometimes called the quantum Liouville equation.

3.4 Application to two-level atom

The Hilbert space is spanned by states |g) and |e). So the density operator can be represented by a 2 x 2
matrix whose elements are given by p;; = (i|plj) (¢,j = g,e). Let us find the relationship between p;; and
6,5 we encountered earlier. To do so, let us check that
71 (t) = (63;(t)) = Tr[p(t)d3;(0)] = Tr[p(®)|) (i) = D (Kla@)|i)(ilk) = (Gla0)|i) = pji(t)
k=g,e

The optical Bloch equations can be also written in terms of p;;.
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Chapter 4

Quantization of the Electromagnetic

Field

4.1 Maxwell’s Equations and the Coulomb Gauge

In quantum theory the field vectors must be taken as operators instead of the algebraic quantities of classical

theory, but both theories are based on the same Maxwell’s equations:

oB
VxE = 5 (4.1)

1 OE
%V xB = 605 +J (42)
€0V -E = P (43)
V-B = 0 (4.4)

where J and p are the current and charge density, respectively.
These equations can be re-expressed in terms of the scalar and vector potentials, ¢ and A, respectively,
where
0A

= A_ = - — —
B=VxA Vo=-E- -

With these definitions, Eqgs. (4.1) and (4.4) are automatically satisfied. Putting the definition of the potentials

into the remaining two equations, we obtain the field equations

10 1 0%A
. — 2 — — —
V(V-A) = VPA+ 5 Vo + 5 110J
0A
p— 2 pR— . — =
Eov ¢ 60v ( e > 14

where ¢ = 1/,/Eop is the vacuum speed of light.
The field equations can be further simplified if a particular gauge is chosen. The reason is that although

potentials ¢ and A uniquely determine the fields E and B, the reverse is not true: The fields are the same
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for pairs of potentials (A, ¢) and (A’, ¢') related by a gauge transformation:

0=

A=A -VE, ¢=4¢
VE, g=¢'+ 7,

(4.5)

where the gauge function = is an arbitrary scalar function of the position r and time ¢. In quantum optics,

we always use the Coulomb gauge where the vector potential satisfies the condition
V-A=0

The field equations under the Coulomb gauge becomes

10 1 0%2A
2
V%% = pleg (4.7)

Hence the scalar potential now satisfies Poisson’s equation of electrostatics.
Further simplification can be achieved by separate the fields into transverse and longitudinal components.
According to the Helmholtz’s theorem, any vector field can be written as a sum of two components, one of

which has zero divergence and the other has zero curl. For the current density, we have
J=Jr+J;

where V - Jpr = 0 and V x J; = 0. Jp is called the transverse or solenoidal component and Jr the
longitudinal or irrotational component. With this definition, the vector potential A under Coulomb gauge
and the magnetic field B are completely transverse. Eq. (4.6) can then separated into its transverse and

longitudinal parts as

1 92A

—V2A+?—8t2 = pody (4.8)
10
apV? = ol o

Hence the vector potential satisfies a wave equation. Eliminating ¢ from (4.7) and (4.9) we have
V-Jp,=-0p/Ot

which is the equation of charge conservation.

The electric field can be similarly decomposed as E = Er 4+ E;, where
Er=-0A/ot, E,=-V¢

The Maxwell’s equations can then be separated into a transverse part which are associated with the
vector potential

0B

E = —— 4.1

V x Er o (4.10)

1 OET

— B = J 4.11

HOV X €o 6'15 + T ( )
V-Er = 0 (4.12)

V-B = 0 (4.13)
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and a longitudinal part which are associated with the scalar potential
V-Ep = p/E (414)

OEL
ot

JL = —¢&o (415)

Let us further consider the energy of the field
1 3 2, 1o 1 3 2 2 L 5o
H=< [dr|eE°+ —B?| == [ d’r e (E7 +2Er-EL+E}) + —B
2 o 2 o
Examine the two terms that contain the longitudinal electric field.

/dSTET-EL:—/d3rv¢~ET:—/d3rV-(¢ET):—jiodS-(ngT):O

as long as ¢ falls off at least as fast as 1/r and Er falls off as fast as 1/r2 as r — oo. For the other term we

have
/d%Ei = /d3r|V¢|2 = /d3r [V (¢V) — ¢V?¢] = gi/d?’rgbp
0

If the charge density is due to the charged particles, then

e = Tedte s, oles)— [ 8D

v — /|

then
/dSTEQ _ 1/d3T/d3r,p(r,t)p(r’,t) _ 1 > €i€;
€0 |r — 1’| €0 bt lr; —r;
which is expressed entirely in terms of the particle variables.

The point of all of this: In the Coulomb gauge all quantities naturally separate into two distinct sets —
one part describes the transverse field alone and the other can be expressed entirely in terms of the particle
variables. In this gauge, when we want to quantize the field, we only need to quantize the transverse part
while the longitudinal part can be quantized with the matter. That’s why in quantum optics we always

adopt the Coulomb gauge, which sometimes is also call the radiation gauge.

4.2 Free Space and Plane Wave Expansions

Now let us consider a classical EM field in empty space in the absence of any sources such as charges and

currents. The vector potential then satisfies the homogeneous wave equation:

1 02A
VIA4+ """ =0 4.16
+ c? ot? ( )
In order to obtain the Hamiltonian equations of motion, it is useful first to make a Fourier decomposition
of A(r,t) with respect to its space variables z,y, z. Consider the EM field to be contained in a large cube of

side L and we impose periodic boundary conditions and write

1 ik-r
A(r,t) = = zk:Ak(t)e K
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where k = (2mny/L,27ny/L,2mng/L) with n; = 0,41,42, ..., and V = L? is the quantized volume. The

transversality and reality of A require
k- Ay(t) =0, A_x(t) =A(t)
and the general solution of (4.16) is given by
A (t) = cxe ™ + ¢y et

with w = ck.

It is convenient to resolve the vector cy into two orthogonal components:

2
Ck = § Cks€ks
s=1

where exs (s = 1,2) are unit polarization vectors that obey the conditions
k-exs =0, €r, €xs =05, €x1 X e€xa=k/k

which signify transversality, orthonormality and right-handedness, respectively.

With this definition, the vector potential can be expanded as

1 ) . )
A(r,t) = Z (cs€is € + ¢y €y €T) €T
\/EoV ks
1 ik —ik-
= N Z [uics () €xcs €57 + up, (t)ep, e ™)

k,s

with uys(t) = cks e~ ™! We can immediately write down the corresponding expansions for the EM fields:

B(rt) = — oAl = S Y [t
k,s

B(I‘,t) = Vx A(I‘,t) = \/% Z [ng(t)(k X eks) eik-r — C.C.]
k,s

These expressions allow us to write down the energy H of the EM field as

1 1
H==>[d& E2(r,t) + —B?(r,t)| =2 2l uges (1))
g [ ) B ] =23 )

which expresses the energy as a sum over the modes. In deriving 4.17), we have used

1 ) ,
v / Bret® KT — 500 (kxer,) - (kX exy) = k26, - €xsr = K205y

4.3 Field Quantization

(4.17)

For the purpose of field quantization, it is desirable to write H in Hamiltonian form, which we do by

introducing a pair of real canonical variables qys(t) and pgs(t):

s (1) = tes () + ugs (1), s () = —iw [uses (8) — was (1))
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in terms of which the energy becomes
1
H = 3 S [ (1) + e, ()] (118)
k,s
This will be recognized as the energy of a system of independent harmonic oscillators. The canonical quations

of motion are

Cjks = 8}I/(apkm _pks = 8]_I/aqk‘s

In terms of the canonical variables, we have

A(r,t) = 2\/% g; {{qws (t) + (i/w)pis(t)] €xs €T + c.c.} (4.19)
E(r,t) = 2\/% kzs {[wais (t) + ipis ()] €xs €T — c.c.} (4.20)

2\/% S {[es (8) + (3/0)prs ()] (k X €xs) €57 — ..} (4.21)
k,s

To quantize the field, we simply regard the canonical variables gis(t) and pis(t) as quantum operators

dks(t) and pys(t) that obey the proper commutation relations:
[Cjks (t)aﬁk’s’(t” = Z'h(;kk’éss’a [ﬁks (t)aﬁk’s’(t)] = O> [ka (t)7 qk’s’(t)] =0

The energy in (4.18) should now be regarded as the Hamiltonian:

1

H = 5 S lt) + a0

The expansions in (4.19), (4.20) and (4.21) remain valid, but again, A (r,t), E(r,t) and B(r,t) are now field
operators.
For many purposes it is more convenient to deal, not with Gis(t) and pys(t), but with a set of non-

Hermitian operators defined by

\/21% [waks () + iPKs ()] &Ls(t) _ 1

with the corresponding commutation relations

s (t) = [wWakes (t) — 1Pxs (t)] (4.22)

[B1cs (), B ()] = Brae oo, [ines (), e (0] = 0, [0, (1), 8 (8)] = 0
In terms of ays(t) and &Ls (t), we have

s (1) = /1] 2w) [anes (1) + af, (1)), Pues(t) = —in/hw/2[aus (t) — af ()]

Hence apart from a factor \/h/(2w), the operators ays(t) and dLS(t) correspond to the complex amplitude
uks(t) and ug, (t).
Finally, we can write the Hamiltonian in terms of ay4(¢) and d;[(s (t) as

H=Y hw {&Ls(t)dks(t) +1 /2} (4.23)
k,s
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From (4.23) we can immediately obtain the equations of motion for operators axs(t) and dLS(t), and they
can be easily solved as

s (1) = anes(0) e, al () = af (0) €™

In terms of these operators, the field operators can be written as

~ h .

A(r,t) = s (0) €xcs €/ KT8 4 hc. 4.24
(r,%) kz \ 20e,V {ak (0)ercs e + C} (4.24)

. fiw _

E(r,t) = s (0) €xs €/ KT 4 hc. 4.25
(x.1) ;w%ﬂk<n | (4.25)

~ h .

B(r,t) = \/ s (0)(k X €xs) €77 + hc, 4.2
(r,t) ; TN [zak( (0)(k x exs)e + c} (4.26)

The first term on the r.h.s. of the above equations is often denoted by A (x,t), EH)(r,t), BH)(r,1),

respectively, because it depends on positive frequencies. Correspondingly, the second terms are denoted
by A(’)(r,t), ]:](*)(r,t), B(*)(r,t), respectively. The quantity Fo = \/hw/(2¢9V) is sometimes called the
electric field per photon.

4.4 Physical Interpretation of ay,(¢) and d;r{s(t)

The Hermitian operator dLSELkS that appears in the Hamiltonian (4.23) is a particularly important one and

will be denoted by ny. It’s easy to show that
[dksa 'ka/s/] = CA’/ksakk’5ss’7 [di‘—{§7 ﬁk’s’] = _&Ls(skk’ 555’

Now let us examine the eigenvalues of nys, which will immediately lead us to those of H. If nys is an

eigenvalue of fiys, with corresponding eigenstate |nys), i.e.

ﬁks |nks> = Nks |nks>

then we have
s nies) = al, (s + 1)[nies) = (s + 1)af | nies)

Hence the state dLS|nks) is also an eigenstate of iy, with eigenvalue (nys + 1), i.e.
il nis) = gics|mes + 1)
where gy is a normalization constant. Take the norms of both sides of the above equation, we have
(s anes il Iracs) = I
On the other hand, dksdls = Nixs + 1, hence
(s sl [Pics) = (acs| (acs + 1)) = e + 1
Therefore |gis|? = niks + 1, and apart from a unimodular factor, we have

il |nks) = Vs + 1 s + 1)
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This argument can be repeated and in general, we have

(dLS)T|nkS> = \/(nks +1D)(nis +7r+1) |ngs +7), r=1,2,3...

Hence the spectrum of eigenvalues of 7y, is unbounded from above.

Apply a similar procedure to axs|nks), we find

&ks|nks> = V/MNks |nks>

and in general

(axs)"|nks) = \/nks(nks —1De(ns — 7+ 1) |nks — ), r=1,2,3...

Now the sequence of numbers ny;, nkgs —1, nxks —2 ..., must eventually become negative, yet the eigenvalues of
fis cannot in fact be negative (since (P|fiks|@) = (¢'|¢') > 0, with |¢') = axs|P)), the sequence of eigenvalues
ooy Mgs — 1, Mg, Nks + 1 ... must be bounded from below and cannot become negative. This requirement

can only be reconciled if the lowest eigenvalue is zero such that
dks‘oks> =0

then the sequence terminates automatically. As a result the spectrum of 7y, is therefore the set of non-
negative integers 0, 1, 2, ...

For this reason, the operator fixs is known as the number operator for the (ks) mode, and axs(t) and
&Ls(t) are respectively the corresponding annihilation and creation operators, and the excitations or quanta

they annihilate/create are called photons.
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Chapter 5

States of the Electromagnetic Field

5.1 Fock State

All the number operators 7y form a complete set of commuting observables for the field. Since the oprators
corresponding to different modes k, s operate on different subspaces of Hilbert space, we can form a state
vector characterizing the entire field by taking the drect product of |nys) state vectors over all the modes:
[{n}) = Ili s Inks). Such a state is known as a Fock state of the electromagnetic field. The state |{0}) for
which all the occupation numbers are zero is known as the vacuum state |vac). All the Fock states form a
complete orthonormal basis, i.e., 1 =3, _[{n})({{n}.

For simplicity, from now on, we’ll concentrate on a single mode situation, hence we’ll drop the subscripts
k,s.

The Fock state |n) is an eigenstate of the number operator 7: 7 [n) = n|n). We can form any Fock state
by repeated application of the creation operator at on the vacuum:
(ahy

Vn!

In) = 0)
Using the expression for a single mode field
E(r,t) = Ey |ia(0)ee’® Tt 4 h.c.}
we immediately have

(nEln) =0, (n|E?|n) = E§(2n+1), (n|(AE)*|n) = (n|E|n) — (n|E|n)* = E§(2n + 1)

Hence the electric field fluctuates even for a vacuum state with n = 0.

5.2 Coherent State

5.2.1 Definition

Classical EM field is characterized by a complex amplitude which contains information about the magnitude

and the phase of the field. The analogous quantum state of the field is the coherent state, denoted by |a),



which is an eigenstate of the annihilation operator with eigenvalue a:
ala) = ala)

Since a is not Hermitian, its eigenvalue will in general be complex.

Since the Fock states form a complete set, we have

= In){n|a) = Z [n){0

n=0 n=0

Normalization condition requires

1= (ala) = 32 27 i) 2 = eloF 0l

n=0

Hence apart from a unimodular factor, we have

0y = P23 2y
n=0 \/m

nz::O m\n><0la>
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The vacuum state |0) can either be regarded as a Fock state or a coherent state. The probability p(n)

that n photons will be found in the coherent state |«) is given by

o 2n 2
p(n) = |(nfay? = 27 1ol

n!

which will be recognized as a Poisson distribution in n. The mean number of photons is given by

Also we have

Hence the number variance

For the coherent state, p(n) peaks at n = (7).

5.2.2 Displacement Operator

We can rewrite the Fock states expansion of a coherent state as

| =€ \(y| /QZ —|oz\ /QZMK» :e_|(1‘2/26()¢(ﬁ|0>

n.
n=0

Using the result e~ ¢|0) = |0), we can make the above expression more symmetric

|Oé> _ 67|a\2/26aiz‘\efa*d|0>

We now make use of the Campbel-Baker-Hausdorff operator identity for two operators A, B

eA+B _ LA B —[AB]/2



provided that

Now put A = aal, B = —a*a we have
e~lal’/2g0at ;—a%a _ ad'-a"a ﬁ(a)
which allows us to have the following compact expression:
@) = D(a)|0)

D(a) is the displacement operator that creates the coherent state |a) from the vacuum state.

It is not difficult to derive the following properties of the displacement operator:

e Di(@)aD(a) = a+ a, DT (@)a’D(a) = af + a*

e Di(a)f(a,a")D(a) = f(a+a,al + a*)

23

. b(a)D(ﬂ) = e(aﬁ*_o‘*ﬁ)mﬁ(a + ) Note that a5* — a*3 is purely imaginary, hence the factor in front

of D(a + ) is simply a phase factor.
e Two different displacement operators D(a) and D(f) are orthogonal in the sense that
Tr[D(a) D1 (B)] = 76%(ar — )

where 6%(v) = §(Re[v])d(Im[v]).

5.2.3 Time Evolution and Uncertainty Products

In the Schrodinger picture, we have
() = e " [1(0))
Our Hamiltonian is H = hw(n + 1/2). If we start in a coherent state [¢(0)) = |«), then we have

aTL
o

Apart from the phase factor, this is just another coherent state. Following this, we immediately have

e—iwtﬁ |n> — e—iwt/2 |ae—iwt>

)
|¢(t)> — e—iwt/2 e—iwtﬁ |Oé> — e—iwt/? e—\a|2 Z
n=0

<d> — ae_m, <&T> _ a*eiwt

where the expectation value is w.r.t. |¢(¢)). Going back to the canonically conjugate operators p and §, we

have

@ =\ (ae ), () == (o —cc)

These are reminiscent of the motion of a classical harmonic oscillator of frequency w, having a well-defined

complex amplitude a.
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It is also easy to show that

<(12> _ % [a2€—42wt+(a*) 12wt+2a a+1]
Hence the variance
h
N2\ a2y g2 T
(A)%) ={a") — (@)" = o

Similarly, we can also find that
. hw
() ==
Thus

VA{(AQ*)((Ap)?) = h/2

which is the minimum value allowed by the Heisenberg uncertainty relationship. Therefore in a coherent

state, the canonical variables p and ¢ are as well defined as quantum mechanics allows.

5.2.4 Coherent States as a Basis

Coherent states form a basis for the representation of arbitrary quantum states. Because the coherent states
are eigenstates of a non-Hermitian operator, the coherent-state representation has some unusual features.

First, no two coherent states are ever orthogonal. This can be easily show as

—(la|? 2 a*p)n —(lal? 2 g+ la—g|? o B—aB®
(0] 3) = e—(al*+15] )/QZ%:G (ol +I812-2a"8)/2 _ ,—la—B|*/2 J(a" B—af")/2

The last term is a unimodular phase factor, thus

I3 = 717"

Despite their non-orthogonality, the coherent states span the whole Hilbert space of state vectors as one

can show that the identity operator 1 can be written as

=2 [ )aléa

0 so that d?a = rdrdf, and making use of the Fock state expansion of the

To show this, let us write a = re

coherent state, we have

27 n+m+1
/\oz Vald?a = — / dr/ d@Z - W eI ) ()

The integration over 6 gives 27d,,,, therefore we have

1 1 0 o
;/ ) (aldPa=3" E|n><n|/o dr 22+t =3 Iy (n] = 1

The set of coherent states is said to be over-complete, in the sense that the states form a basis and yet

are expressible in terms of each other. Any arbitrary state |¢) and arbitrary operator A can be expanded as

— = [laalea, A== [ [(@ldBla)@ldads
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5.2.5 Generation of Coherent States

Coherent states can be generated by classical c-number currents in the same way as a classical c-number force
drives the single mode harmonic oscillator. Consider a quantum electromagnetic field of vector potential

A(r, t) that is interacting with a classical electric current with vector current density j(bfr,¢). The interaction

3 . k —zwt c.
/dmrt Z”Qwsov €xs t)a + h.c.]

where J(k, t) f d®r j(r,t)e’™ T is the Fourier transform of the current density. The time-evolution operator

Hamiltonian is given by

in the interaction picture is then given by

010.0) = exp [ [ dr #1518 = T D o 1

@ (t)——i L /td €xs - J(k, T)e T
T TRV 2wegv Jy T ST

If the initial state is a vacuum state, we have

with

[4(1)) = U(#,0)[{0}) = Iie,s D [ones (1)] [{0}) = [{ues (£)})

Thus, as promised, the c-number current generates a coherent state with the same eigenvalue as the classical

field.

5.3 Squeezed State

Squeezed state attracted tremendous attention in the 1980’s and early 1990’s due to the promise of reduced
noise in communication and improvements in precision measurements. Unfortunately these promises were
not realized, but maybe they will in the future. The idea of squeezing was originally proposed relating to
reducing quantum fluctuations in one of the field quadratures. But now it has been generalized to other arena.
One very important concept in atomic physics is spin squeezing. Here we’ll just focus on the quadrature

squeezing of light field.

5.3.1 Definition of Quadrature Squeezing

Define two dimensionless variables Q' and P’ as

Readily we find [Q’ ,]5'] = 2i, so that Q' and P’ behave like dimensionless canonical conjugates, and

\/ ((AQ)2)((AP")?) > 1. Another interpretation of Q" and P’ is suggested if we express the electric field for

a single-mode, linearly polarized light in the form

E(r,t) = l(w)ela ™=t 4 gf emilkr=w] — 1(,)e[Q’ cos(k - T — wt) — P’ sin(k - r — wt)]
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Hence @’ and P’ are also the amplitudes of the quadratures into which the oscillating field can be decomposed.
It is easy to find that for coherent states, we find that the variance of dispersion of the quadrature
amplitudes are equal, with
(AQ")%) = ((AP)?) =1
For this state we can find a phase space distribution of Q' and P’ which has circular symmetry, and the
uncertainty product has its minimum value. If there exists a state for which either Q’ or P’ has a dispersion
below unity, i.e., below the vacuum level, at the cost of a corresponding increase in the dispersion of the

other variable, then we call the corresponding state a squeezed state. Squeezing need not be confined to the

Q’ and P’ variables, rather it can extended to more general variables Q and P defined as
Q =ale e P = Xm P =atefBtm/2) | g o~ i(B+7/2) — Xﬁ+ﬂ/2
For coherent state, we have
(AX3) = (AXpiry2)?) =1

for any phase angle 3. A squeezed state is defined more generally by the condition that there exists an angle
0 for which the dispersion ((AQ)?) is smaller than in the vacuum state, i.e., ((AQ)2) < 1. Such squeezing

phenomenon is also sometimes referred to as quadrature squeezing, as there exist other types of squeezing.

5.3.2 Squeeze Operator

A squeezed state can be generated from an unsqueezed one by the action of the following unitary operator

S(g) = el& @82 g — et

which is known as the squeeze operator. It’s easy to show that ST(€) = §-1(¢) = §(—€) and

ST(€)aS(€) = a coshr —al e sinhr, ST(€)alS(¢) = al coshr — ae " sinhr (5.1)

Such transformation is called the Bogoliubov transformation. The first of these can be shown as follows: Let

A= —(€*a® — ¢at?)/2, then S(¢) = e=4 and St(e)asS() = eAae=A. According to the Operator Expansion

Theorem,
- 1. .~ -
etae ™ =a+[Aa) + o114 1A, al] +
Using
[Avd] = _nga [A’ AT] =—{"a
we have

5(©)as(e) = ( > n,) a-t

even n

The squeezed coherent state is defined as

€, a) = S(&)]e) = S(§)D()|0)

In particular, the state |€,0) = S(€)|0) is called the squeezed vacuum.
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Using (5.1), we have

S()Xs5(6) = SH©alS(&)e + 5T(€)as(&)e
)

= (dT coshr —ae @ sinhr) e + (EL coshr — af e sinh r) e P
In particular, when 8 = 6/2, we have
ST(ﬁ)Xemg(f) = 64)29/2

and
ST(€)X3,5(€) = 57(€)X9/25(6) 8(8) Xp/25(€) = e "X}

Then, w.r.t. the squeezed coherent state |, «), we have

<£, O‘l(AXH/?)Q‘& a> <§v O‘|X3/2‘§’ a> - <§7 a‘Xé‘/ngv a>2
= (a]S1()X7/25(6)la) — (al5T(€) Xp/29(8)|)?
= ¢ 7 (a(AXy2)*|a)

= e <1

And similarly, we have
<€704‘(AX.9/2+7r/2)2|€,a> =e?" > 1

Thus the dispersion in X9/2 is below its vacuum value, that in X9/2+7,/2 is above the vacuum value, but
the product of the two remains unity and has the minimum value. The parameter r is called the squeezing

parameter.

5.3.3 Two-mode Squeezed State

We can generalize the concept of the single-mode squeezed state to a two-mode one. The two-mode squeezed
operator is defined as

Sap(€) = e g = peif

where @ and b are annihilation operators for mode A and B, respectively. The two modes are independent

from each other. The operator S45(€) is unitary since S‘LB(O = S35(€) = Sap(—¢€), and we can show that

S’LB(@&SAB(@ = acoshr — bfe? sinhr, S'LB(f)l;SAB(f) = beoshr — afe? sinhr
We can express the two-mode squeezed state as a product of two single-mode squeezed states b introducing
new modes C' and D, whose annihilation operators are defined as

a:\% [a+ei58], 3:\% [E—eiéa]

It’s easy to show that [¢,¢f] = 1 = [¢,¢f] and the modes C and D are independent from each other since ¢

and &' commute with d and df.

In terms of ¢ and cZ, we have

Sap(€) = Sc(&e”) Sp(—&e™™)
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One can show that for state [€4p) = S45(£)]0), we have
() = () =sinh®r =7, ((Ana)?) = ((Anp)?) =a(a+ 1)
but the variance in the difference between the photon numbers vanishes, i.e.,

(A(a —1p))%) = (A7a)?) + ((ARp)%) = 2((Rafip) — (a)(ip)) =0

5.4 Thermal State

In a thermal state, we only know the mean energy of the system E = Tr[,oﬁ |, and that the entropy of the

system takes maximum value. Given the density operator p, the von Neumann entropy is defined as
S = —kgTr[pln p]

Hence in order to find the expression for p, we need to maximize S with the constraints Tr[pr ] = E and

Tr[p] = 1. Using the Langrange variational method with constraints, we have
68 = —kpTr[(1+1Inp+ BH + \)(0p)] =0

which yields
l+lnp+BH+AX=0, or p=e ItV e=PH

Requirement of Tr[p] = 1 yields
et = Tr[effgﬁ] =7

Z is known as the partition function and § can be identified as kgT. Hence we have for any state in thermal
equilibrium

1 IS
p:ZefﬁH with (6 =kgT

Now consider a single-mode quantized optical field, H = hw(n + 1/2). We then have
efﬁhw'ﬁ

Tr[@—ﬁhwﬁ] = (1 B eiﬂhw) eiﬁhw’ﬁ

p:

where we have used

Te[f(2)] = D _(nlf(A)ln) =) f(n)

n n
and ) e~ Phwn — (1- efﬁh‘*’)’l.
Using the Fock state basis, we can express the density operator as
p=2_ (1=e) e P npin] = 3 p(n)ln)(n|
n n

where

p(n) = (1- eiﬁh‘”) e~ Phwn (5.2)

is the probability for n photons in the mode. Eq. (12.2) represents the Bose-Einstein distribution.
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It is straightforward to show that the mean photon number and the mean energy are

N 1 B Tw fuw
M=oy H=%5*Fm_7

Then at T = 0, (H) = hw/2; while for kgT > hw, (H) = kpT. We can express the probability p(n) in
(12.2) directly in terms of (7} as

p(n) = (ﬁ}" - 1 i ( (mA >n
(14 ()" 1+ (n) \1+ (7)
Obviously, p(n) is a monotonically decreasing function of n.
We can also derive the spectral distribution function. The number of states in volume V and in differential
interval d®k is Q#d‘g’k where the factor of 2 arises from the two possible polarizations for each k. After

putting d3k = 4m(w?/c®)dw, the density of photons with frequency range w and w + dw is

1 4rw? w?

@(w)dw = <ﬁ>2w7 W = m

dw

This is just the Planck’s law for blackbody radiation.
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Chapter 6

Beam Splitter and Homodyne

Detection

The temporal fluctuation properties of light beams are measured by optical interference experiments. For
example, the Mach-Zehnder interferometer and the Brown-Twiss interferometers can be used to measure the
first- and second-order correlation functions, respectively. The central components in these experiments are
optical beam splitters. Beam splitters also play important roles in studies of quantum aspects of light. For

simplicity, in our discussion, we will assume a lossless beam splitter.

6.1 Lossless Beam Splitter

6.1.1 Classical Treatment

Figure 6-1: Light detection experiment.

Consider a beam splitter with two input fields F; and FEs, and two output fields F3 and F4. The output
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fields are related to the input ones as

Es3 B Rs1 730 E,
E, Ty Ra E,

The 2 x 2 matrix is known as the beam-splitter matrix.

Energy conservation requires that |E;|? + |Es|? = |E3|? + |E4|? which yields
IRa1l” + |Ta1|* = [Raz|? + [Ts2/* =1 and Ra1 T35 + TurRiy = 0
If we write
Ra1 = [Rai e’

and similarly for other 3 quantities, we can reexpress the above condition as
Rs1| = [Raz| = [R|, |Ts2| + [Taa| = [T| = V1= [RI?, 31+ Paz — d32 — pa1 = &7
The lossless beam-splitter matrix is then unitary. We can usually choose the following symmetric coefficients
Ra1 = Rag =R = [R|e"R, Tao =Ty =T = |T|e'T

with [R|? + |T|> = 1 and ¢r — ¢ = +7/2. For a 50:50 beam splitter, |R| = [T| = 1/v/2.

6.1.2 Quantum Treatment

Quantum mechanically, the beam-splitter matrix is still valid, only that we have to replace the complex
amplitude by operators:
d3 R 7- &1
= (6.2)
€L4 T R d2

If the two input fields are independent, i.e.,
[CAU,CAEJH =1= [&25&2]7 [&1’&;} =0= [&Q’di]
then it is easy to see that
[&37&;)] =1= [d4a&jl]7 [d?ndjd =0= [&47&;’[]
Define photon number operators as n; = dl—tdi, using
fs = |RI*Ay + |T*hg + R*Talag + RT*ayald
fy = |TPny+ |R[*Ry +RT alay + R*Tayald
we can readily verify:
N1 + g = Nz + Ny
which expresses the conservation of photons between the inputs and outputs.
We can already see the difference between the classical and quantum cases. If one of the input fields,

say Field 2, is in the vacuum state, in the classical treatment, we can let Fs = 0; quantum mechanically,

however, we can never neglect ao as we will show here.
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If the input field 2 is in the vacuum state, it’s easy to show that photon number fluctuations in the output

fields are
((A73)%) = [RIN(A7)?) + [RPIT X (), ((ARa)?) = |T[H{(A7)?) + R T (7n)

The second terms at the r.h.s. arises from the effect of the vacuum fluctuation injected at port 2. We can
also show that the joint probability of detecting a photon in both the reflected and the transmitted beams
is proportional to

Py = (aha}asds) = (nsna) = [RIP|TI? (A7) — ()

If the input state at port 1 is the one-photon Fock state, then (A2) = (R;) = 1, then P34 = 0. In fact Psy
vanishes when the input state at port 1 is any linear superposition of the vacuum state and the one photon
Fock state a|0) + B|1). The probability of detecting a photon both in the reflected and in the transmitted
beam is then zero, a consequence of the non-divisibility of a single photon. This conclusion is of course
without analogy for a classical field.

If both of the input fields are in the one-photon Fock state, then one can show that
2
Py = (TP = IR[?)

This vanishes for a 50:50 beam splitter with |7| = |R| = 1/+v/2. Therefore when two photons enter a 50:50
beam splitter, one at each input port, we will never encounter one photon exiting at each output port; either
both photons exit at port 3 or both exit at port 4. This is an example of quantum interference of the
probability amplitudes for a photon pair and can be understood as follows. There are two different ways in
which the situation with one photon exiting port 3 and the other exiting port 4 can arise. Either the two
photons are both reflected or both transmitted. These two ways cannot be distinguished and hence their
probability amplitude must be added. Due to the phase shifts associated with reflection and transmission,
the two amplitudes are exactly m out of phase with each other and therefore cancel with each other. This

effect can be employed to determine the time separation between two photons.

6.2 Homodyne Detection

Ordinary photodetectors detect light intensity or photon flux, homodyne detection by contrast measures the
expectation values of the electric field quadrature operators. It is a particularly important technique for the
study of phase sensitive phenomena.

In homodyne detection, the input field 1 of the beam splitter is the weak signal field and the input field
2 is taken to be strong coherent light field called local oscillator with state vector ||ar|e??t). Taking the

phase convention such that R = iR and 7 = T where R and T are positive real numbers. Then we have
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6.2.1 Ordinary Homodyne Detection

In ordinary homodyne detection, we have T2 > R?, and the measured signal is the photon flux at output
field 4, i.e., (fiy) which is given by
(ha) = T*(in)+ R*(ha) — iRT (abay — alao)
= T2%(iy) + R*|lap|? — iRT|ag|(a1e~ %0 — ale'®r)
Neglecting the small term 72(7;) and the signal-independent term (1 — 72)|ar|?, the measured signal is

proportional to (X, é1+m/2) Where

Xgp = ae~ " + afe??

is the quadrature operator for the signal beam. By varying the phase of the local oscillator, different

quadratures can be measured.

6.2.2 Balanced Homodyne Detection

Balanced Homodyne Detection is usually preferred to eliminate the contribution of the local oscillator. Here
a 50:50 beam splitter is used and the measured signal is the photon number difference between the two
output ports:

nas = (g — fa) = —|ar|(Xg, 4 /2)

The fluctuations of ng4 then gives the fluctuations of the quadrature operator of the signal field.
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Chapter 7

Coherence Properties of the

Electromagnetic Field

7.1 Optical Coherence and Statistical Optics

Coherence plays a central role in modern physics. Loosely speaking, a process is coherent if it is characterized
by the existence of some well-defined deterministic phase relationship, or in other words, if some phase is
not subject to random noise. Coherence is usually characterized by correlation functions. Coherence in time
at the same position is called the temporal coherence, while that in space at the same time is called the
spatial coherence. For simplicity, in the discussion here, we assume that the electric field has a single linear
polarization and hence can be regarded as a scalar.

Natural light sources radiate fields with fluctuating amplitude and phase, hence the electric field possesses
statistical uncertainty. Generally we consider quasi-monochromatic and paraxial fields whose amplitude can

be written as

E(+)(r7t) _ 5(I‘,t) piller—wt)
where £(r,t) is the slowly-varying envelope satisfying
IVE| < kE, |€] < wE

Due to statistical fluctuations, £ is a random variable with probability distribution P({€},t). Measurement

of f(€) yields the expectation value

()= [ dte) PUENDIE)
Usually we deal with stationary and ergodic sources.

o Stationarity — statistics is time-independent, [i.e., P({€})], even though any realization of the ensemble

& changes continually in time. Hence (f(€)): = (f(€))t+T, invariant under time translation.
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e FErgodicity — time average = ensemble average = expectation value, i.e.,
1 [T/2
fim 7 [ dt£(E) = (£(©))

An example of a random light source is the “collisional broadened” atomic emission. N atoms each emits
light witth a field E(H) = Eye~@tei®(t) where ¢(t) is a phase disrupted by frequent collisions between atoms,
hence is random. The total field is then Erf,f) = Epe™"“'a(t) with a(t) = 3, e (). a(t) behaves like a

random walk whose probability distribution is a Gaussian (central limit theorem):

1 ume
P(a(t)) = — le(®)[*/N

Random variables obey Gaussian statistics are called Gaussian variates. Gaussian variates are particularly
important since according to the central limit theorem, any fluctuating random variable will tend to become
a Gaussian variate when the fluctuations contain contributions from a large number of independent causes.

If z1, 29, ..., zy is a set of N Gaussian variates, then

(Azf Az Azf Az . Azj) = Z (Azf Az ) (Azj, Azj,)...(Az] Azjy)

all N! parings

where Az; = z; — (z;) is the variance of z;. This is called the Gaussian moment theorem. It follows from

this, that if (z1) = 0 = (22), then

(21 252221) = (27 21) (23 22) + (27 22) (23 21)

7.2 First-Order Correlation

ot
4

a

Figure 7-1: Mach-Zehnder interferometer.

The idea of coherence in optics was first associated with the possibility of producing interference fringes
when two fields are superposed. Consider the Mach-Zehnder interferometer as show in figure. The field

E(rp,t) contains two contributions:

E®) (ry,t) = EM (rg,t1) + EM)(x,, t5)
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with ¢; =t — I;/c. The output intensity is then
I(ry,t) = (B (xp, ) EM) (xy, 1)) = (|E(21)*) + (| E(x2)[*) + 2Re(E) (1) BT (22))

where z; = (rq, t;).

Define the first-order correlation function as
GW(a,a") = (B (2) ED (')

then
I(x) = G(l)(xl,m) + G(l)(IQ,IQ) + 2Re {G(l)(xl,xz)}

The first two terms at the r.h.s. are the intensities from each slit in the absence of the other, while the last
term represents the interference term.

Obviously G (z,z) > 0 and according to the Schwarz inequality,
G (z1,21)GW (22, 22) > |GV (21, 22)|?

It is sometimes more convenient to use the normalized correlation function defined as

GW(zq,
g(l)(xl,xg) _ (zl xZ)
\/G(l) (ml,xl)G(l)(;vg,xg)

then we have |¢() (21, x5)| < 1. If |¢) (21, 22)| = 1, then the light is first-order coherent; if [¢™) (21, x5)| = 0,
then the light is incoherent; and if 0 < |g™) (21, 22)| < 1, the light is partially coherent. If G (z1,21) =
G (x9,29) = Iy, and the light field is stationary, i.e., g™ (21, z2) = g™ (7) with 7 = t5 — 1, then the output
intensity becomes

I(w) = 21y |1+ Re[g) (7)]]
For quasi-monochromatic field, g (1) = (£*(7)£(0))e™T /Iy = |g™M) (7)|e™7+¢(7). Therefore,
I(w) = 21y [1+1gV(7)] cos(wt + 6(7))]

i.e., the envelope of the interference pattern yields |¢™")(7)|. The visibility of the interference pattern is also

|g(1)(7)| since

V= Imax — Imin _ 210(1 + |g(1)(7—)‘) - 210(1 - |g(1)(7_)|) = |g(1)(7_)|
I+ Tmin - 210(1 + 9™ (7)]) + 200(1 — g™ (7)])

In general when G (zy, z5) factorizes such that

GV (21, m0) = E*(x1)E ()

where £(z) is some complex function, not necessarily the electric field, then we say the field is first-order

coherent. Stationary fields that are first order coherent must be monochromatic, since
GV (ty,ts) = GV (ty — 1) = E*(41)E(ts) = E(t) ~ e ™!

Mach-Zehnder interferometer measures correlation functions at the same spatial position but different

time, hence it measures the temporal coherence of the field. G(1) (t,t') is sometimes called the auto-correlation
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function, which gives information about the way a dynamical variable (here the electric field) is changing
with respect to its own past history. For stationary light, G (t,#') = GO (1) = (EC) () B (¢t + 7)) with
7=1t"—t. Now we want to show that the Fourier transformation of G(l)(T) is the spectral density or power

spectrum of the field. To this end, we define the Fourier components of the field as

E(w) = Qi / dt E®)(t)e'!

™

Then we have

(B* () B(w)) = (27102 / dt / dt' (EC) () B (1)) et —ot) — (271r)2 / dt ¢ =t / dr GO (F)e™' ™ = §(w)d(w —w)
where
wt+Aw/2 B 5 1 )
S(w) = lim d' (E*(w)E(W')) = — [ dr GW ()T (7.1)
Aw—0 w—Aw/2 2T

The first equation suggests that S(w) is just the spectral density of the field. Eq. (7.1), together with its
inverse

GV (r) = / dw S(w) e ™7

are generally known as the Wiener-Khintchine theorem.

7.3 Second-Order Correlation

We can similarly define higher-order correlation functions:
G (@1, ooy T Yy s 1) = (B (1) B (@) B (). B (311))

and the normalized ones

G(n)(mh ey Ty Yny oeey yl)
[ngl G(l)(xrv xT)G(l) (yr> yr)]

g(n)(xlv"wxn;ynw'wyl) = 1/2

These correlation functions obey

G(n)(:cl7 ey Ty Ty ey 1) 2> 0,
G(n)($17...7xn;xna -.-,-Tl)G(n)(yTH,..7y1;y1,...,yn) > |G(n)(9317~-~755n;yn,...,y1)|2

A field is said to have mth-order coherence if its nth-order correlation function factorizes as

G (21, o Ty Yns ooy 1) = E5(21) & (20)E(yn) - E(y1)

for all n < m. By this definition, a monochromatic field (E(+) ~ ¢} is coherent to all orders.
The most important one is the second-order correlation function, which measures the correlation of
intensity. (First-order correlation measures the correlation of amplitude.) The first experiment performed

to make such a measurement is the Hanbury-Brown and Twiss experiment, which measures the quantity

GO (11, t2) = (I(t1)I(t2)) = (B (t1) B (t2) B (12) BN (1))
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Usually we deal with stationary light fields, that is, the influences that govern the fluctuations do not change

with time. Then the average only depends on the difference 7 = to — ¢;. Hence we write
G(Q)(T) - (E(_)(t)E(_)(t + T)E(-‘r)(t + T)E(+)(t)> - <E(_)(O)E(_)(T)E(+)(T)E(+)(0)>
The normalized second-order correlation function is defined as
(2) G(Z)(T)

™) = GomE

[GM(0)2
If the field is second-order coherent, then

GV (1) = E*(0)E(7), and GO (1) = E*(0)E*(1)E(T)E(0)

which implies that
9@y =1

that is, the normalized second-order correlation function 9(2)(7) is unity and is independent of the time delay

T.

7.3.1 Hanbury Brown-Twiss Interferometer

Suppose our interferometer has very long path lengths. Generally it is very difficult to keep the interferometer
balanced since a small fluctuation in path length will lead to a large shift in rapidly oscillating interference
pattern. Hanbury Brown and Twiss employed a new technique to measure the coherence. The Hanbury

Brown-Twiss interferometer is shown in the figure.

D1 !

|1E =l

L

Figure 7-2: Hanbury Brown-Twiss interferometer.

The interferometer measures the second order correlation function (I(t + 7)I(t)). How then can second
order intensity correlation function yields first order phase coherence? This is precisely due to the Gaussian
moment theorem.

Since the electric field amplitudes are Gaussian variates with zero mean, then we have
It+7)It)) = (EDOET (t+71)ED (t+7r)ED (1)
= (B EDOWED ¢+ ED (t + 7)) + (B @) ED (t + 1)(ET (t + 1) ED(1))

=13 |1+ g (r)
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where Iy = (EC)(#) EG) (t)) = (EC) (t + 1) EF) (¢ + 7).

The intensity auto-correlation thus yields the first order correlation |g(*)(7)|! Technically this is much
easier for very long armed interferometers since light intensity is not sensitive to path length fluctuations.
Historically HBT first did their experiment to measure spatial coherence of stars in 1950’s.

HBT interferometer works not only for photons, but also for other bosonic particles. Nuclear physicists

use this technique to determine the size of nuclei.

7.4 Classical vs. Quantum Correlation

The above definitions for correlation functions is valid for both classical and quantum fields, only that for
quantum fields, the field amplitudes are replaced by field operators. For classical fields, the order the E’s are
irrelevant. For quantum fields, we know that the order is important as annihilation and creation operators
do not commute, so why should this particular ordering be adopted? The reason lies in the way how the
photon is detected. Most detectors detect a photon by absorption, i.e., by annihilating the photon. Consider
a photon detector which detects the photon by atomic ionization. Let us consider the rate at which a
particular atom in a photon detector is ionized by a beam of photons. Suppose the atom is initially in state
|i) and the ionization occurs by absorption of a photon ks. The relevant matrix element of the electric-dipole

interaction is
(fDIi) - (w7 B [4py)

where 1); and vy are the initial and final states of the field, respectively. The transition rate I' which measures
the photon intensity is proportional to the modular square of the above quantity (Fermi’s golden rule). The
atomic part of the expression is not needed here, and in most cases, we are not interested in the final state

of the field, so the final states are summed over

T o Z| Wl B i) 2 =S Wil B ) (B o) = (B B [0
f

where the final step is readily verified using >, [¢f)(¢¢| = 1. Thus we see why this particular ordering is
used. Such an ordering with any creation operators to the left of any annihilation operators are called normal
ordering. Of course if the detector works by making a stimulated emission, then the anti-normal ordered
correlation function should be used. Any normal ordered correlation function factorizes into a product of
complex functions when the field is in the coherent state. Therefore coherent state is coherent to all orders.

Although they have similar expressions, properties of correlation functions in the classical and the quan-
tum regimes may differ.

Consider g(®(0). For classical field, we have
GO(0) = (1), G2(0) = (1)

Hence we have
GP(0) - [GMO)* _ (I*) = (I)* _ {(AD)?)

T (A

>0
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Therefore for classical field,
g?(0) =1 (7.2)
Furthermore, Let us consider a measurement of intensity correlation of a classical field. We perform N

measurements, and obtain values I(t1)I(t1 + 7), I(t2)I(t2 + 7), ...,J1(tn)I(txy + 7). The Cauchy-Schwarz

inequality gives
2

N N N
[Z I(t)I(t +7)] < lz ? (ti)] lz I(t; +7)
i=1 i=1 =1

For a sufficiently long and numerous series of measurements, the two summations on the right are equal.

Then we have

(I(®)I(t+ 7)) < (I*(1))

which implies

9@(7) < g®(0) (7.3)

The field property represented by the above inequality is called photon bunching which implies that the
photons show a tendency to arrive in bunches since the rate of coincidence at zero delay is larger than the
rate at finite delay.

For quantum fields, both (7.2) and (21.3) might be violated. For example, for a single-mode quantum

field, we have

It follows then
1
(2) _
g7 (0) > 1~
(7)

and the lower limit is 0 for (2) < 1. Therefore ¢®(0) can become less than 1 which is not allowed for

for (n)>1

classical field. Quantum fields without classical analog are called non-classical fields. Light whose degree of
second-order coherence g(?)(0) lies in the range [1 — 1/(f), 1) is an example of non-classical light. Hence all

Fock states are non-classical. ¢(®(0) < 1 implies that
(An)%) < (A)

Field whose statistics satisfies the above inequality is called sub-Poissonian. Similarly field with ((An)?) =
(n) and {(AR)?) > (A) is called Poissonian and super-Poissonian, respectively. Sub-Poissonian is a quantum
property without classical analogy.

Quantum fields violates the inequality (21.3) are also non-classical. The property associated with

g (1) > g®(0) is called photon anti-bunching.
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Chapter 8

Quantum Effects in Nonlinear Optics

We will encountered situations in which light of one frequency falling on an atomic system gives rise to light
of different frequencies. Stronger nonlinear effects arise when one is dealing with a large number of atoms, or
a nonlinear medium. It is sometimes permissible to ignore the atomic structure and dynamics, and to treat
the medium as a continuum. The subject of the interaction of the incident field with the nonlinear medium
is known as nonlinear optics.

In general, the electric displacement vector can be written as
D(r,t) = eoE(r,t) + P(r,)

and it is usually possible to expand the polarization P induced in the medium in a power series of electric
field E as
1 2 3
P =X E A X E By + X B BB + .

where the summation on repeated indices is assumed. Here x(™ is a susceptibility tensor of rank n + 1 and

in general involves n different frequencies. Thus the above equation is often written in the following form:

Piw) = X3 (@iiw1)Ej(w1) + xip(wiiwr — wa,w) B (w1 — wa) By (w2)
+X7(;?])cl(w1; w1 — Wy — w3, w2, w3) Ej (w1 — wa — w3) By (w2) Ey(ws) + ...

The term in Xz(jZI)c represents the lowest-order nonlinear contribution to the energy.

8.1 Optical Harmonic Generation

Harmonic generation is the oldest and best known example of a process in nonlinear optics. A monochromatic
light beam of frequency w; incident on the nonlinear medium generates a field at the harmonic frequency
wo = 2w1. This process is described by terms in xgi In the interaction picture, we can write the Hamiltonian

as

H = hg [a;a@ + h.c.] (8.1)
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Clearly ny + 2715 is a constant of motion. From (8.1) we can derive the equations of motion

1 = ~2igijay,  —ay = —igaj
Similarly the second derivative equations
d2 . 9. . A 2 A 9. .
e = 4g°(he — Ny /2)as, iz = —4g° (71 + 1/2)as

For sufficiently short time, we can Taylor expand a; 2(t) as

ar(t) = a1(0) + t%al(()) + %%al(()) + ... = a1(0) — 2igtal (0)az(0) + 2g°t%(72(0) — 711(0)/2)a1 (0) + ...
az(t) = a2(0) + t%@(@) + %%&2(0) + ... = a2(0) — igta?(0) — 2¢%t* (11 (0) + 1/2)a2(0) + ...

up to terms of order (gt)2.
Suppose initially the fundamental mode is in a coherent state |«) and the harmonic mode is in vacuum
state. The we have

(1 (1)) = |al® = 26 al* + ..., (A2(t)) = ¢*t|al* + ...

and the number fluctuations
(AR1)?) = (1) — 28°|o)* + .., ((Ah2)?) = (f2) + O(g°t°)

Therefore the statistics of the harmonic photons are close to Poissonian and that of the fundamental mode
are sub-Poissonian.

If we define the quadrature of the fundamental mode as

Xy(t) = ar(t)e ™ + al (t)e?

It is easy to show that

<X¢(t)> = (ae” +a*e®)(1 - g*t*|al?) + ...
<X£(t)> = [a?e (1 —2¢0%t*|a)?) + c.c.] +2]al* (1 — 2¢°|al?) + 1 — [¢*t?a’e % + cc] + ...
so that

(AKX, =1 - 26*2]al? cos2(0 — ¢) + ..., (a = |ale®)

If we choose ¢ = 6, then the dispersion of X (t) is less than unity, i.e., the fundamental mode is squeezed.
We see therefore that the process of second harmonic generation is not describable completely classically,
because it is accompanied by the generation of sub-Poissonian statistics and squeezing, both of which are

purely quantum mechanical phenomena.

8.2 Parametric Down-Conversion

The process of parametric down-conversion is, in a sense, the inverse of harmonic generation. In the former

case, one pump photon incident on the dielectric having x(?) nonlinearity breaks up into two new photons of
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Figure 8-1: Process of parametric down-conversion.

lower frequencies as illustrated in the figure. For historical reasons, the two new photons are known as the
signal photon and the idler photon. If the two new photons are indistinguishable, it is possible to describe
the process by the same Hamiltonian (8.1). Here we want to treat the more general situation where the
signal and the idler photons are distinguishable.

In the steady state, we have wy = w; + wo. Phase matching condition also requires that kg = k; + ks.
Experiments showed that the signal and idler photons appeared ‘simultaneously’ within the resolving time

of the detectors and the associated electronics. The Hamiltonian in the interaction picture reads
H = hg [a{agao + h.c.} (8.2)

Clearly 7111 + 72 + 27 is a constant of motion which reflects the fission of one pump photon into one signal
and one idler photon. A second constant of motion is 723 — fig which reflects the fact that the signal and
the idler photons are always created together. With a similar procedure as above, we can obtain short-time
solutions for a;(t) as before. However, under the undepleted pump approximation, the problem can be solved

analytically.

8.2.1 Solution under the Undepleted Pump Approximation

When the incident pump field is intense and that the pump mode ¢ can be treated classically as a field of
complex amplitude ag = |agle?’. The equations of motion for 1,2 are then

d . o d . L
%al (t) = —igapasa(t), %ag(t) = —igagay (t)

By differentiating a second time, we can easily solve the above equations as

a1(0) cosh(glao|t) — ie®®al (0) sinh(g|ao|t) (8.3)

=33
=
—~

~
N

az(t) = a2(0)cosh(glaolt) — ieiQ&I(O) sinh(g|ao|t) (8.4)

In the Schrodinger picture, if we take the initial states for the signal and the idler mode to be vacuum state,

we have

(1)) = U(t,0)|0) = e~ *H*/|0) = 515 (igtao)|0)

where Slg(f) = £ 01a2-€414] jg the two-mode squeezing operator. When the two modes are identical, we
have a degenerate down-conversion, and the resulting propagation operator is just the single-mode squeezing

operator.
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8.2.2 Photon Statistics

If we take the initial state of both the signal and the idler modes to be the vacuum state, then we can readily

calculate the moments of the photon number
(in) = (Ro) = sinh®(glaolt) =7, (i) = (A3) = 2sinh®*(glao|t) + sinh®(glaolt) = 2% + 7

and we have
(AR)?) = (1 4 71) = ((Ang)?)
We can also obtain the cross-correlation as

(alalasa,) = sinh®(glaglt) + 2sinh*(glag|t) = 20% + 7 (8.5)

For (n;(t)) < 1, (8.5) becomes

The left hand side is the joint probability of detecting both a signal and an idler photon (by a perfect
detector), while the r.h.s. measures the probability that a signal or an idler photon is detected. The above

equation therefore shows that the signal and the idler photons are always produced together.

8.2.3 Non-classical Behavior

It is easy to show that

Then according to (8.5), we have

(a]adasa,) > \/<d§&1d1@1> (ajalasas)

which violates the Schwarz inequality for classical field: (I;12) < \/W . Therefore the state produced
by the parametric down-conversion has no classical analog, as there are no classical fields with the property
that the joint probability of photodetection at two different points in space where the mean intensities are
equal is larger than that for two detections at the same point. The Schwartz inequality is strongly violated
when (7,(¢)) < 1. Experimentally a violation about 600 standard deviations was demonstrated.

The phenomenon of spontaneous parametric down-conversion is capable of providing us with a very close
approximation to an ideal one-photon state, that can be used as a probe or input for other processes, by
virtue of the fact that when a signal photon is detected, we know that it must be accompanied by a sister

idler photon.

8.3 Kerr Medium

A Kerr medium possesses a x(®) nonlinear susceptibility. A single-mode field in a Kerr medium is character-

ized by the interaction Hamiltonian

H = hga'?a® = hg (d® — 7)
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Obviously, 7 is a constant of motion.
Suppose that the initial state is a coherent state |a) and for simplicity, assume « is real. Then the state

at later time ¢ is given by

" — emiHU/R| ) — p—igh(R®—h) ,—a® /2 ot n
¥ (t)) |a) Z ml )

_ 67a2/2z a” efin(nfl)gt|n>
Vi
In particular, when gt* = 7/2, using

) 1 . .
e—zn(n—l)ﬂ/2 = (—i n(n—1) _ [ine—zﬂ/4 + (=i nem/4}
iy = — (-1

we have

67117T/4+ (72'04)7161’77/4 1

* 1 —a? ia)"” —im . [ .
) = e m) = —= (" /4lia) + /4] — i)

V2

Therefore, at this particular time, the state evolves into a superposition of two distinct coherent states. As
|a| can be very large, these two states could correspond to two very strong, and hence nearly “classical”,
light fields. Thus |1(t*)) is like a Schrodinger cat state. The coherent superposition of dinstinct physical
states represents the feature of quantum mechanics which most distinguishes it from classical mechanics.
Unfortunately this phenomenon is very difficult to observe experimentally as typical values of the coupling
coefficient g would require absurdly large interaction time, and also decoherence makes the observation of

such a superposition unlikely.
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Chapter 9

Bell’s Inequality and Quantum Optics

Entanglement lies at the heart of the difference between the quantum and classical multi-particle world.
Quantum entanglement has created so much excitement and confusion, has inspired so many deep thoughts
and paradoxes. Quantum optics, on the other hand, has been proved to be a wonderful testing ground to

elucidate the nature of entanglement.

9.1 Einstein Locality

Consider the atom-photon system introduced in the discussion of density operator. When the photon has

not passed thought the filter and is not detected, the state of the system is an entangled state:

b
V2

A measurement of one chosen variable of the atom thus completely determines the outcome of the measure-

|¥) (I+Dalo-)p = | = 1alo+)p)

ment of the corresponding variable of the photon, and vice versa, in spite of the fact that the atom and
the photon can in principle be so far apart that no influence resulting from one measurement can possibly
propagate to the other particle in the available time.

According to Einstein, Pldolsky and Rosen (EPR) when the outcome of a measurement of some particle

3

variable can be predicted with certainty, without disturbing the particle, then ‘... there exists an element

)

of physical reality corresponding to this physical quantity...”. In other words, the photon really is in that
state, irrespective of whether it is actually measured or not. This must be contrasted with the quantum
mechanical point of view — the measurement creates the reality.

Now suppose we measure the z-component of the atomic angular moment (L. ),, the result will prede-
termine the (L), of the photon. Then according to EPR, the photon really has this value of (L,),. But we
can also choose to measure (L, ),, which then predetermines (L;),. Hence, according to EPR, the photon
has definite values of (L,), and (L,),. This is in contradiction of quantum mechanics, since L, and L, do

not commute, they cannot have definite values at the same time. This contradiction led EPR to conclude

that quantum mechanics is incomplete.
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The paradox arises because we tend intuitively to think in classical terms, i.e., to associated an objective
physical reality with each particle and its variables, whereas in quantum mechanics, a dynamical variable
does not actually have a value until it is measured. Attempts have been made to account for the predicted
correlations between two particles in terms of hidden variables, or unmeasurable parameters that are supposed
to determine the outcome of an experiment. But it was later shown by Bell and others that such non-
local effects are fundamentally quantum mechanical, and that no realistic local theory can account for the
correlations quantitatively. More specifically, Bell constructed the famous Bell’s inequality which any local
realistic theory must obey. Experiments, however, showed that the Bell’s inequality can be violated when

an entangled state is used.

9.2 EPR Paradox and an Entangled Two-Photon State

01 02

D
<1]w A~ e | | I[>)2
polarizer polarizer

Figure 9-1: Outline of an experiment for testing Bell’s inequality.

Consider the atomic cascade discussed in the Introduction. The atom decays from a J = 0 excited state
to a J = 0 ground state via an intermediate state by emitting two photons. Suppose that the photons 1 and

2 leave the atom in opposite directions along the z-axis in the singlet state:

) = % (21, y2) — 1, 22))

where |21, y2) means that Photon 1 is z-polarized and Photon 2 is y-polarized. Hence the individual photons
are unpolarized but their polarizations are correlated, that is, the two photons have orthogonal polarizations.

Two linear polarizers inclined at angles 6; and 6, to the z-direction, respectively, are inserted and put
before the photodetectors Dy and Dy. The dynamical variables a; and ds of the field behind the polarizers

are related to those @14, @1y, G2z, G2y before the polarizers as
Gj = Qjy cosO; + ajy sinb;

Let P;(6;) be the probability that Photon j is detected (assume perfect detectors), and Pi2(61,62) be the

joint probability that both photons are detected by their respective detectors. Then we have

Pi(6) = (¥lalaily) =

1 .
Pis(01,0:) = (plaladasa|y) = B sin®(01 — 6-) (9.2)

= Py(0) (9.1)
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(24.6) is a consequence that the individual photons are unpolarized, (9.2) arises from the fact that the
two photons have orthogonal polarizations, that is, when 6; = 65, the joint probability vanishes; when
01 — 02 = +7/2, P15 reaches maximum. The conditional probability P.(62]01) of detecting Photon 2, given
the detection of Photon 1, is therefore

Pc(92\01) = P12(91,02)/P1(91) = sin2(91 — 92)

This again shows that Photon 2 is definitely polarized at right angles to Photon 1; yet the polarization of
Photon 1 was chosen at will by the orientation of Polarizer 1. The outcome of the measurement on Photon
2 therefore appears to be influenced by the orientation of the Polarizer 1, even though the two photons may
be well separated at the time of measurement. This is the paradox.

If ‘“+’ denotes the detection of the photon and ‘—’ denotes failure to detect, then, since the latter proba-

bility can be obtained from the former by incrementing 6;, 62 by 7/2, we have
P(+,02;+,61) = P12(61,02) = %sinz(ﬁl —09) = P(—,02;—,01)
Similarly, the joint probability of only one photon being detected is
P(+,02:—,0) = 5 cos* (6 — 62) = P(—,00: +,01)

We obtain the probability P(+,65]61) that Photon 2 is detected when Polarizer 1 is set to ¢; by adding
P(+,05;+,61) and P(+,602; —, 61), which gives

1
P(+792|91) = P(+7 927 +761) + P(+7 027 — 91) = §
which is independent of 8, showing that setting the angle of Polarizer 1 has no influence on the single photon

detection probability of Photon 2.

9.3 Bell’s Inequality

Supposed that a statistical correlation of A(a) and B(b) is due to information carried by and localized
within each particle, and that at some time in the past the particles constituting one pair were in contact
and communication regarding this information. The information is part of the content of a set of hidden
variables, denoted collectively by A. The probability distribution function of A is denoted by p(A) which

satisfies the normalization condition
/ p(A) dA =1 9.3)
r
where T" is the tatal A space. The results of the two selections are then to be deterministic functions
A(a, ) and B(b, A) which can take values £1. Locality reasonably requires A(a, A) to be independent of the

parameter b and B(b, \) to be likewise independent of a.

Defining the correlation function

Cla,b) = (A(a)B(b)) = /F Aa, \)B(b, \)p(A) dA (9.4)
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Then since |A(a, A)| = 1, we have
[C(a,b) = Cla,b)| < /F |A(a, N)[B(b,A) = B, M)][p(A) dA = /F [B(b,A) = B(V, A)|p(A) dA
O b) + Cla, )| < /F Aa, N [B(b,A) + BO, \]|p(A) dA = /F IB(b, ) + B, )]p(A) dA
Adding these two together, we have
|C(a,b) — C(a,b")| + |C(a',b) + C(a,b")| < /F [[B(b,A) — B/, \)| + |B(b,A) + B, N)[]p(A)d\  (9.5)
But because each B takes on only the values 41, it follows that
|B(b,\) — B(b/,\)| + |B(b,\) + B(b',\)| = 2
and when this results is used in (9.5), we arrive at the Bell’s Inequality
|C(a,b) — C(a,b)| + |C(d’,b) + C(a’,b)| <2 (9.6)

Let us now apply the inequality to our photon example. Identify a with the polarizer angle 61, and b
with 02, and associate the outcome +1 with the detection of the photon, and —1 with non-detection. Then

we have
C(01,02) = P(+,09;4,02)+P(—, 0a; —, 02)—P(—, 0a; 4, 02)—P(+, 02; —, 03) = sin® (0 —03)—cos> (0, —03) = — cos 2(61 —6
With the following particular choice of angles

6, =0, 0, =3n/8, 0] =—-7/4, 0, =m/8

we obtain the result

|C(61,05) — C(61,0)] + |C(8,,05) + C(0],65)] = 2v2 > 2

which violates Bell’s inequality.

9.4 Experimental Confirmation

The above derivation has assumed perfect photodetectors, i.e., detectors with 100% efficiency. Had the quan-
tum efficiencies been incorporated, then Bell’s inequality would not have been violated for low efficiencies.
To overcome this, other types of Bell’s inequalities have been derived that do not directly depend on the
detector efficiencies. The experiments were carried out to confirm the violation of these types of inequalities.

The first such experiment that showed a clear violation of Bell’s inequality was performed in 1982 by
Aspect et al. using the atomic cascade of calcium. They found that the inequality is violated by 6 standard
deviations. Later experiments showed even stronger violations. Besides the atomic cascade system, the

parametric down conversion is also used to create the entangled two-photon state.
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Chapter 10

Atom-Field Interaction

A full self-consistent quantum mechanical treatment of atoms interacting with fields requires that we treat
the field as well as the matter quantum mechanically. In many cases we can use a simpler theory called
semiclassical theory in which the atoms are treated quantum mechanically, while the fields are taken to be
c-number solutions of the classical Maxwell equations. We’ll see both types. But first we need to construct
the interaction Hamiltonian. We’ll first treat the matter as a charged particle, then extend to the case of an

atom.

10.1 Interaction between Field and a Charged Particle

Consider a particle carrying charge e, with mass m. The field is characterized by the vector potential A(r,t)

and the scalar potential ¢(r,t) with corresponding electric and magnetic fields E(r,¢) and B(r, t).

10.1.1 Classical Hamiltonian

Take r and p to be the coordinate and the canonical momentum of the particle. The classical Hamiltonian

describing its interaction with the field is
= 71 p— ( t)|2 (r,t) (10.1)
H eA(r + ed(r .
2 p ) )

This form of the charge-field Hamiltonian is called the minimal coupling Hamiltonian. It is justified in the
same way that any Hamiltonian is justified: It leads to the proper equations of motion, as can be shown in
the following:
From (10.1), we have
_OH p; e

i — 7_7141 7t
dp; m m (r,%)

which leads to the Lagrangian

L({z;, 2;},1) szﬂtz H({p;i,zi},t) = Z (;mxf + ea'ciAZ) —ed

3
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from which the Lagrange’s equation
d oL 0L

%(%i B 6331 -

yields the equation of motion

mi = eE(r,t) + er x B(r,t)

which is exactly the Lorentz force law.

10.1.2 Quantum Mechanical Hamiltonian

The quantum Hamiltonian takes the same form as (10.1), only that the dynamical variables are now quantum
operators. There is a deeper reason why the quantum Hamiltonian takes such a form: it is a consequence of
gauge invariance.

Global gauge invariance is rather trivial in quantum mechanics. If the wave function ¢ (r, t) satisfies the
Schrédinger equation, then so does v (r,t) = €4 (r,t) with @ being a constant independent of position and
time.

Things are different for a local gauge transformed wave function. Suppose ¥(r,t) satisfies the Schrodinger
equation with the minimal coupling Hamiltonian

O t) = | 5 (b~ eA(r, 1) +ealr, 1) vir, ) (102)

then it can be shown that the wave function
’(/J/(I‘, t) = eieA(r,t)/ﬁ ’(/)(I‘, t)

satisfies the more complicated Schrodinger equation:

1 A(r, ¢
gt 0) = 51 (b - Al t) = eVAG0) e (o) - D) W (103)
It is well known that given A and ¢, E and B are uniquely determined, but not vice versa. This is because
the fields are physical quantities, while the potentials are mathematical tools. Different sets of (A, ¢) that

lead to the same (E,B) are connected by the gauge transformation

A
A=A+ VA, ‘15/:‘1’*887

Therefore we can rewrite (10.3) as

0
2 (e,0) = [ L (b - e, 00" + e (r,0)| /0,1

which is now formally identical to (26.5). Therefore the minimal coupling Hamiltonian is invariant under

the local gauge transformation. Furthermore, under the Coulomb gauge, we have

[p,A] = —ihV-A =0
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10.2 Interaction between an Atom and the Field

For simplicity we take a hydrogen atom with a proton of mass m,, at position r, and an electron of mass m,

at r.. The total Hamiltonian of the atom in the field reads

H = H.+Hy+V(r.—rp)
2 2
Pe € € 2
H(’ = - A (’;t : e A eat
: e e (re,?) - P + o (re,t)
p2 e €2
H, = P —A t) - A? t
p 2mp + mp (r;m ) pp + 2mp (r;w )
1 e?
\4 -
(x) dmeg |r|?

Introducing center-of-mass coordinates and momentum:

Mele + Mply Me

m
R=———""——=—r —Ly . P=p.+
My + Me et Pe T Py
and relative coordinates and momentum:
r=r.—r, P=-YP.— Py =-p.— P
¢ P M™ M m. my,?

where M = m, +m, and p =mem,/M. It’s easy to see that

p?  p, P2 p?

2m. = 2m, 2M = 2p

The vector potential changes on a length scale determined by the wavelength of the field, A. When A
is much larger than the size of the atom, the electron and the proton both feel essentially the same vector

potential, namely the one at the center-of-mass coordinate, i.e.,
A(re,t) =2 A(rp, t) 2 A(R, 1) (10.4)

This approximation is called the dipole approrimation. Under the dipole approximation, we have

Ho~ Po S AR -t AR )
e — Qme M ) Pe 2me )
p? e 2
H, = P4+ — AR, - — A%R,t
» p. (7)pp+2mp (R, 1)

which result in the following form of the total Hamiltonian:

P2 p? 1 e? e e?
= 4+ - = " _ZAR,)- —A%R,t 10.5
o o dmeg i a AR P AR (105)

This type of expression is sometimes called the A - p-interaction.

An alternative way to express the Hamiltonian, the so called d - E-interaction can be derived as follows.
An atom consisting of an electron and proton separated by r possesses a dipole moment d = er. Under the
dipole approximation, the electric field E at the position of the electron is essentially identical to that at the

position of the proton, i.e.,

E(r.,t) 2 E(r,,t) 2 E(R,t)



53
The dipole in the electric field E experiences a potential energy
H.g=-d-ER,t) = —er-E(R,t)
which suggests that the total Hamiltonian of the atom in the field in dipole approximation reads
H=-——+2> _ - ° d-E(R,1) (10.6)

Under the dipole approximation, together with the assumption that the center-of-mass R is not time
dependent, i.e., when the first term at the r.h.s. can be neglected, (10.5) and (10.6) are equivalent. This
can be shown by the following manner: If the wave function ¢(r,t) satisfies the time-dependent Schrédinger

equation given by Hamiltonian (10.5), then the wave function
’(/J/(I'7t) _ e—iebA(R,t)/hdJ(r’ t)

satisfies the corresponding Schrédinger equation given by Hamiltonian (10.6). Hence (10.5) and (10.6) are
connected via a gauge transformation. For many applications, the d - E-interaction suffices and is more
convenient to use.

The equivalence of the A - p-interaction and the d - E-interaction under the dipole approximation is the
reason why the dipole approximation is called so. Dipole approximation breaks down when the temperature
reaches the single-photon recoil limit. Under such condition, the thermal de Broglie wavelength of the atom
becomes comparable with the optical wavelength, the atom can no longer be regarded as a point particle. A
proper treatment of this situation requires quantization of the atomic motion.

The Hamiltonian in (10.6) contains several parts. The first part is the center-of-mass kinetic energy
P2/(2M). We usually assume that the interaction between the atom and the field do not affect the center-
of-mass motion of the atom significantly, or we assume that the center-of-mass motion and the internal
dynamics of the atom occur in completely different time scales. In either case, this term can be neglected.
The part p?/(2u) — €?/(4meo|r|?) describes the motion of the electron relative to the proton under the
Coulomb interaction. This gives rise to atomic level structures that we assume is already known. In quantum
optics, the field strength of interest in usually many orders of magnitude weaker than the internal Coulomb
electric field of the atom. Hence the interaction won’t change the atomic level structures in any significant

way. The only part we will be focusing on is thus the interaction term —d - E(R, ).



o4

Chapter 11

Jaynes-Cummings Model

The JC model plays an important role in atom-field interaction. It is a fully quantized model and yet

analytically solvable. It describes the interaction between a two-level atom and a quantized field.

11.1 Two-Level Atom

The level structures of a real atom look anything but two-level. So how can a two-level-atom (TLA) be a
good approximation? The reason lies in two factors: 1) Resonance excitation and 2) Selection rules.

The absorption cross section of an atom absorbing an off-resonant photon is generally of the order of
1A2. But when the frequency of the photon matches with the transition frequency from the initial state to
some final state, the cross section can be enhanced by many orders of magnitude. This is why the intensities
of the lasers used in labs are much less than that required to produce an electric field with one atomic unit
(8.3 x 1015W /cm?).

Under the resonance condition, many levels lying far away from the resonance can be simply ignored.
In addition, the dipole section rules dictates only certain magnetic sublevels are excited. In most cases, the
field therefore only causes transitions between a small number of discrete states, in the simplest of which
only two states are involved.

The states for a two-level atom: |g) and |e). Their energies are separated by hwp, the atomic transi-
tion energy. The two states are assumed to have opposite parity (hence dipole transition is allowed) and

orthogonal to each other. From these one can construct four independent operators:

9)(gl; lg){el, le)(gl, le)el,

which form a complete basis. Any arbitrary operator, O, can then be expanded onto this basis as

0= O!Jg&gg + Oge&ge + Oeya-eg + Oee&ee
where 6;; = [i)(j|, and O;; = (i|O|7). In particular, the dipole operator d = ef can be expressed as

d = dyebye + degdeg

where we have used the property that states |g) and |e) have opposite parity such that (g|t|g) = (e|t|e) = 0.
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11.2 Hamiltonian and the Rotating Wave Approximation

The total Hamiltonian, neglecting the center-of-mass atomic motion, describing the interaction between the

two-level and a single mode quantized field reads:

H=Hj+ Hyy + Hp

where
Hy = hwobee, Hp =hwila
n a [ hw
Hint = —-d-E= _(dge&ge + dega'eg) . 725 % [u(R) a—+ hC] = —hg(&ge + &eg)(& —+ &T)
0

where u(R) is the mode function of the field at the center-of-mass coordinate R, and we have assumed

hg = dge - u(R)\/Tw/(2¢¢V) to be real by a proper choice of phase.

Let us now concentrate on the interaction Hamiltonian
Hint = —hg(6ge + Geg)(a+al) = —hg(Gegi + 6ot + G40t + Gegal)

which contains 4 terms. To further simplify this, we invoke the rotating wave approrimation and neglect the

last two terms. There are two ways to understand the RWA.

11.2.1 Violation of Energy Conservation

The terms 6406 and &EQ&T violate energy conservation. The former de-excites the atom and simultaneously
absorbs a photon, and the latter excites the atom while it emits a photon. By contrast, the two terms we

have kept conserve energy.

11.2.2 Method of Averaging

The above argument is rather heuristic. We can make it more rigorous. For this purpose, it is easiest to
work in the interaction picture. Decompose the total Hamiltonian as H = Hy + Hin, where Hy = Ha + Hp.

In the interaction picture, we have

Hi(rft) _ eiHot/hHinte—iHot/h _ _hgeiHAt/h(&ge + &eg)e—iHAt/h eint/h(d + dT)e—int/h

It’s easy to show that

—iwot A ezHAt/ha_egeszAt/h iwot A

elHAt/ﬁa,geef’LHAt/ﬁ —e Uge —e O-eg
eint/hde—szt/h — e—uutd’ elHFt/h&Te—alt/h — ezwt&]‘
Therefore
) _ —iwot & wwot A —iwt A iwt AT
H,/ =—hg(e Gge +€"0%Gcq) (e a +etal)

We note that the terms 64.G and 6.,a" that do not conserve energy are multiplied by oscillatory terms which

involve the sum of the frequencies of the field and the atomic transition, while terms 6.4 and c}gedT which
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do conserve energy are multiplied by terms involving the difference of the two frequencies. For the near
resonant case we are most interested in, |w — wp| K w + wp.

Since the Schrédinger equation is a differential equation of first order in time we have to integrate in time.
This time integration brings the frequency sum and difference into the denominator. Hence the dominant
conribution must come from the slowly varying part. The interaction Hamiltonian in the interaction picture
is then given by

HY) = —hg(6geal €™ + 6oga e ')

int

with A = w — wy. This corresponding in the original Schrédinger picture to the interaction Hamiltonian
Hine = —hg(Ggea’ + Gega)

The neglected counter-rotating terms would cause a frequency shift of the atomic levels on the order of

g% /wy, this is called the Bloch-Siegert Shift.

11.3 Dressed States of the JC Model

Let us now go back to the Schrodinger picture under the RWA. The Hamiltonian reads
H = hwobee + hwa'a — hg(6eya + G4ea") (11.1)
This Hamiltonian possesses a constant of motion:
Nex = (a%a) + (dee)

which can be understood as the excitation number of the system. We use Fock states as our basis for the
field, then the state with Nex = n > 0 contains two and only two states: |n — 1;e) and |n;g). Therefore
the Hamiltonian matrix can be decomposed into blocks of 2 x 2 matrices, each block corresponding to a
particular Ney.

States |[n — 1;¢e) and |n; g) are eigenstates of H4 + Hp, i.e., the uncoupled system. For strong atom-field
coupling, they are no longer accurate description of the combined atom-field system. Instead, we should try
to find the eigenvalues and eigenstates of the entire Hamiltonian. In most cases this is a impossible task.
The beauty of the JC model is that non-trivial but exact solutions to the full Hamiltonian can be obtained
in the RWA. This is precisely due to the fact that we can decompose the Hamiltonian matrix into 2 x 2
sub-blocks.

Let us focus on the nth block spanned by |n — 1;e) and |n; g). The submatrix can be easily obtained as

h w——=)1+2

(n—1w+wy —+v/ng (
=h{n
2 2\ -R, A

—/ng nw

where A = w — wyp is the laser detuning and R, = 2y/ng is the Rabi frequency for the nth block. The

A> | —-A -R,

eigenvalues can be easily found

Eniﬁ<nw§>:|:;i A2+ R?
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Figure 11-1: Dressed states of the JC model.

with corresponding eigenstates

6, 6,
o)y = —cos?|n—1;e>+sin?|n;g> (11.2)
_ . Oy O,
o) = 51n?|n—1;e>+cos?|n;g> (11.3)
where
OS%— Q”_A blnel— QTL+A
2 20, 2 20,

with Q,, = \/AZ+ RZ = /A2 + 4ng? being the generalized Rabi frequency. The auxilliary angle 6,, can
also be defined as 6, = tan~! (=R, /A).

11.4 Entanglement and Vacuum Rabi Oscillation

The eigenstates of the JC Hamiltonian |¢ ) are called dressed states, they are also nonseparable entangled
states, i.e., states that cannot be factored into a product of an atom state and a field state. Entanglement can
be a useful property in cavity QED experiment. For example, consider the initial atom-field state consists an
excited atom outside the empty cavity, i.e., |[¥(0)) = |0;e). After the atom passing through the cavity, the
state evolves into |U(T')) = «|0;e) + B|1;g). In this way the atom can be used as a “pointer”. That is, the
observation of the atom’s quantum state (whether in |e) or |g)) after it has left the cavity yields a number
that perfectly correlates with the quantum state of the field, without in any way “touching” the cavity field.
This is an example of what is called a QND (quantum non-demolition) measurement.

The above example shows that the initial state |¥(0)) = |0;e) is not stationary for the coupled system.
We can make it more quantitatively to study the dynamics of this state. To this end, let us find the inverse

relations of (12-1) and (12.2):
071 + . 977, —
In—1;e) = —cos?|¢n>—|—sm7|¢n> (11.4)
o Oy O
mig) = sin %2 j6F) + con 22 o) (1L5)
The state |¥(0)) = |0; e) will then evolve in time as

. 0, _, 01 ;
() = €1 (—cos G2 7) i 2 ) )
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The probability that the system flips from |0;e) to |1; g), i.e., the probability that a photon will be emitted
into an empty cavity, is given by

Ot R} Ot
. _ 2 24t 1254
p=1[(1;g|¥(t))|* = sin® 6, sin o T w sin” —

Spontaneous emission in free space produces monotonic and irreversible decay of upper-level amplitude,

whereas here we find the so-called vacuum Rabi oscillation.

11.5 Coherent Field State: Collapse and Revival

Let us now consider the field is initially in a coherent state |«) while the atom is initially in its ground state

lg), ie., |¥(0)) = |o) @ |g) which can be written in terms of the dressed states:
WO) = o) ©1g) = 1"/ 37 Tpnig) = el 30 O (81“9" 67) + cos 2 |<z>;>>
=V RN 2
so that the state’s time evolution is given by
0
_ _—lal?/2 noy a4 | A t 11.6

() = e 3 O (s B )+ os 510 ) (11.6)

where we have incorporated the time dependences into the dressed states:
|6 (£)) = e En=t M)

Now the probability P.(t) of finding the atom in state |e) at time ¢ is given by (e|pq(t)|e), where p,(t) =
Trslp(t)] = Trp[|W(¢))(V(t)]] is the reduced density matrix for atom. Using (11.6), we find

20 = (el [RONEOlle) = (6] Dol (o) =X limel () (1L.7)

With (25.1) and (11.6) we can readily find apart from a phase factor

et Qpyat
(nse|W(t)) = e~1o*/2 S ing,,, sin —2t!
(n+1)! 2
which yields
t) :e_|°“2z |O;|l! sin? 6, sin® —— Z )sin? 6,, sin® 7 (11.8)
where pa(n) = |(n|a)|? = e~1*1*|a|2"/n! is the probability that the coherent state has exactly n photons.

Similarly we can find that the probability for the atom to be in ground state is

- Qnt
t):E o(n) [ 1 —sin® 6, sin? =1-P.(t)
n:()p ( ° 2)

Now let us examine the population inversion w(t) = P, (t) — P,(t). For the sake of simplicity, we consider

the on-resonance case A = 0. From the results above we have

w(t) = —e ~laf? Zpa ) cos Ryt (11.9)
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Let us examine the sum when the coherent state field is strong (|| > 1), containing many photons, and
thus is closest to a classical field. First we recall that for the Poisson distribution p,(n), the average and

variation of the photon number is given by
(n) =lal?, {(An)) = /(n) = |a|

The sum in (11.9) cannot be evaluated analytically, so the calculation has to be done numerically. An
example is shown in Fig. 11-2. Near to ¢ = 0 the curves show Rabi oscillations of with an average Rabi

period given by RT = 27, where R = 2g+/(n) = 2g|a| is the average Rabi frequency.

Figure 11-2: Collapse and revival in JC Model. Here the coherent state has (i) = 25.

After some time there is a collapse of the envelope of Rabi oscillations and w — 0. This can be understood
as the sum includes contributions from many different Rabi frequencies. When enough time has passed,
different oscillatory terms get out-of-phase and cancel with each other. The onset of this “quantum collapse”
can be estimated as

ORTol = T

where dR is the width of the Rabi frequency distribution. The above condition indicates that terms in the
sum that are about half the distribution’s width away from each other are 7m out of phase. So we can use

the following to estimate 0 R:

OR = Rny(an)) /2 = Biny—amys2 = By 50 = Bioy_ /o2

For (n) > 1, we can expand R(n)i\/@/Q around (n) which gives

1
Riys Jyye = 20V (n) £ V(n)/2 = 2g\/(n) <1i W)

Thus we have 6R = ¢ and the collapse time is then
Tcol = 7T/9

which is independent of « as long as |a| > 1.
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The truly remarkable feature of the curve is the later restoration to nearly its initial value. This phe-
nomenon is called “revival”. The reason for this revival is that the frequencies in the sum are discretized
and near the center of the distribution, the frequencies are approximately equally spaced. For large |o|,
the center will be very broad and will contain many terms. These terms will regain a common phase if
every term gets 2w ahead of the phase of the preceding term in the sum, i.e., when dw Tpevy = 27, where
Sw = Ruy1 — R, = 29(v/n+1 — \/n) evaluated near the center of distribution with n = (n) = |a|?. Hence
we have dw = 2g(vn + 1 — \/1)|=(ny = g/+/(n), and the revival time is given by

Trev = 2w \/@/g

i.e., after \/@ Rabi periods.

In fact there is an infinite sequence of equally spaced revivals. Revivals are a purely quantized-field
phenomenon, arising from the fact that the photon number distribution is not continuous, whereas the
collapse is completely classical. These revivals were identified and named and their significance explained in
1980 by Eberly and co-workers after almost 15 years of repeated near-discovery in more and more accurate
numerical evaluations of the sum in (11.9).

Quantum collapse and revival was first observed experimentally in 1987 by Rempe and Walter [PRL 58,
353 (1987)].
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Chapter 12

Dressed States: Applications

In describing a dynamical system in quantum optics, we usually start with a set of bare states, which are
eigenstates of a time-independent Hamiltonian in the absence of interaction. When the interaction is strong,
the bare states are usually not very convenient to use. Under such condition, one usually uses the dressed
states introduced in the study of JC model. Dressed states are eigenstates of the total Hamiltonian including
interactions. Often times, we find that physics becomes more transparent in the dressed state picture. In

this chapter, we will see a few more examples.

12.1 Pump-Probe Spectroscopy of a Two-Level Atom

Consider a two-level atom is coupled to a strong pump field and a weak probe field. By weak we mean the
the probe field can be treated as a perturbation of the Pump+Atom system, and the latter can be most

conveniently described by the dressed states |¢), where

On, . Oy
o) = —cos?'|n—1;e> +81n?|n;g> (12.1)
_ . 0, 0,
o) = sm? [n —1;e) —O—Cos? |n; g) (12.2)
where

0, [0 -A 6, [0, +A
cos2 = 50, sm2 = 50

with Q, = /A2 + R2 = /A2 + 4ng?. Here n is the number of photons in the pump field and g and A

are the coupling coefficient and detuning of the pump field, respectively. Suppose the atoms start out in the

ground state |g), then the dressed state populations are given by
pl =sin?(0,/2), p, = cos?(0,/2)

In terms of the bare states of the Pump+Atom system, the probe couples the states |n;g) and |n;e).
In the dressed basis, this results in a coupling between adjacent manifolds |¢) and |qbf 41) as shown in
Fig. 12-1.

For a strong pump field, that means the pump photon number is centered around certain n > 1, hence

On+1 ~ 0, and Q,11 =~ Q,. So the populations in the two manifolds are the same. Note that this is a
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Figure 12-1: Pump-probe spectroscopy in bare state basis and in dressed state basis.

somewhat oversimplified treatment of the steady state population since we have not incorporated decay.

Then the four probe induced transitions in the dressed state picture can be described as

1. This transition is resonant when

Wprobe = Wpump T Q,

This corresponds to probe absorption if p,; > pIH or cos?(6,/2) > sin?(0,/2) or A < 0, while it is
probe gain if A > 0.

2. This transition is resonant at wprebe = Wpump- There is no probe absorption or gain since p;” ~ p.f 11
3. Similar to (2), resonant at wprobe = Wpump and has no probe absorption or gain since p,, ~ p, ;.

4. This transition is resonant at
Wprobe = Wpump — Qn

This corresponds to probe absorption if p; > p 41 or A >0, while it is probe gain if A <0.

A typical pump-probe spectroscopy experiment will then show the data as in Fig. 12-2.

12.2 Autler-Townes Doublet

The second example concerns the pump-probe experiment of a three level atom. The upper two levels
are coupled by a strong pump field. The frequency of the probe field which couples the lower transition

is scanned. One typically gets a double peaked absorption spectrum centered around wg (the lower level
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Figure 12-2: Pump-probe spectrum for A < 0.
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Figure 12-3: Pump-probe spectroscopy showing the Autler-Townes doublet.

transition frequency) and separated by €2, (the generalized Rabi frequency of the upper transition). This
doublet is called the Autler-Townes doublet. It can be understood easily in the dressed state picture: The
two peaks correspond to the excitation of one or the other of the two dressed states involving the upper two
levels and the pump field.

Again this description provides us a qualitative picture. The exact form of the spectrum requires the

inclusion of spontaneous emission.

12.3 Mollow Triplet in Resonance Fluorescence

Resonance fluorescence refers to the spontaneous emission spectrum of an atom driven by a pump field.
For weak pump field, the emission spectrum has a narrow single peak centered at wpymp, which is just the
Rayleigh scattering. For strong pump field, however, the spectrum splits into three peaks, one dominant
central peak centered at wpump and two side peaks symmetrically located at wpump £ €2,,. This again can be
qualitatively understood using the dressed state picture.

In the dressed state picture, the spontaneous emission occurs between adjacent manifolds as shown in
Fig. 12-1. These couplings are resonant at frequencies wpump and wpump £ €2, Since two such transitions are
resonant at the same frequency wpump, this becomes the most dominant peak in the spectrum. A spectrum as
shown in Fig. 12-4 would result. Mollow in 1969 first gave a detailed theoretical calculation of the spectrum,

hence the name ”Mollow triplet”.
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Figure 12-4: Mollow triplet spectrum of resonance fluorescence.

12.4 Dipole force for a Two-Level Atom

In laser cooling and trapping we know that a blue detuned laser repels atoms from the high intensity region
due to a repulsive dipole force, and vice versa for a red-detuned laser. This feature of the dipole force can be
understood qualitatively in the dressed state picture. Consider a Gaussian laser beam. Due to the spatial
dependence of the laser intensity, the energy of the dressed states becomes spatial dependent as shown in

Fig. 12-5 for a blue-detuned laser.

low intensity low intensity

high intensity

Figure 12-5: Dressed states in a blue detuned Gaussian beam. The circles represents dressed state popula-

tions. The size of the circle indicates the relative magnitude of the population.

When the laser is blue-detuned, the upper dressed state |¢;7) contains more ground atomic state |g)
which always has a larger population than the excited state |e). As a result, at blue detuning, the upper
dressed state is more populated. If we denote the dressed state population by ITF, then we have I > II..

When the atom moves, the curvature of the dressed state energy gives rise to a force — the dipole force
— that is given by

F.=-VE = :FZVQ,L

The two dressed states result in two forces with the same magnitude but opposite sign. The force from the

upper dressed state repels the atom from the high intensity region; while that from the lower state attracts
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the atom to the high intensity region. The net force is the superposition of these forces weighted by their
respective populations

F=IF, +1I F_

Since II} > II,,, the net force repels the atom from the laser beam.

For red detuning, the opposite is true, the dipole force attracts the atom to the laser beam.
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Chapter 13

Spontaneous Emission:

Weisskopf-Wigner Theory

It is well known that an atom in an excited state is not in a stationary state — it will eventually decay to
the ground state by spontaneously emitting a photon. The nature of this evolution is due to the coupling of
the atom to the electromagnetic vacuum field. The idea of spontaneous emission goes back to Einstein when
he studied Planck’s blackbody spectrum using the principle of detailed balance. The rate of spontaneous
emission is still known as the “Einstein A coefficient”. Victor Weisskopt presented a method for analyzing
this interesting problem in his thesis work, together with his advisor Eugene Wigner. We will follow their
treatment here.

Consider a two-level atom. Initially the atom is prepared in its excited state |e) and the field is in vacuum
state [{0}). We use

[4(0)) = le,{0})

to denote this initial state. Since this is not a stable state, the atom will decay to the ground state |g) and
give off a photon in mode (k, s). The state of the system after the decay is then |g, 1xs). These state vectors

form a complete set for expanding the time-dependent state of the system:
[(0)) = alt)e™ e, {03) + 3 bra(t)e ], Lis)
k,s

where wy is the atomic transition frequency and wy = ck is the frequency of the photon.

The total Hamiltonian under the rotating wave approximation is H = H4 + Hp + H;ys with

HA = Mo&ee
Hp = Z hwp s
k,s
Hiy = -d-E=-— Z hgksOegls + h.c.

k,s
where the atom-field coupling coefficient is

Wk

2h€0V

Jrs = 1 (d . 6ks)
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The Schrodinger equation reads

HIp() = i [9(0)) = ih @~ iena) e le, (01) + i 3 (b — b ) e~ *'lg, i)

k,s

By multiply through this equation by (e, {0}| and (g, 1xs|, respectively, we obtain

a(t) = i) grse T by (1) (13.1)
k,s
bis(t) = igp e @rmwo)t g (t) (13.2)

To solve these equations, we first formally integrate (14.1) as

bea(£) = i / dt! il o 17
0

and put this back into (15.8), we have
¢
_ Z \ngIQ/ dt’ efi(wkfwo)(tft’) a(t/) (13.3)
k,s 0

First let us concentrate on >, |gks|*. In the continuum limit (i.e., when the quantization volume V — 00),

we have
Z Z / kD (k

where D(k) is the density of states in k—space. Since k = (27n1/L,27ny/L,2wng/L), there is one state
in volume (27/L)? = (27)3/V, hence the density of states is D(k) = V/(2r)3. Then using the spherical

/ kzdk/ sm9d9/ dyo

coordinates (k, 0, ¢), we have

= G

k,s s:l

Thus

2 [T 2 Wk ) 2
Z|gks| ZQ& Vh( ‘ €ks) 7/0 dkkz th [Z/ sm@d@/ dp (d eks)]

Here we assume that d is real, but the final result is more general and works also for complex d. First let

us evaluate the quantity inside the square bracket using a simple trick:

2 T 27 T 2m
Z/ sin 9d9/ do (d - exs)? = / sin 9d€/ do [(d-€x1)® + (d - ex2)?] (13.4)
= Jo 0 0 0

Since the triplet (ex1, €xe, k) with k = k/k forms an orthogonal set of nit vectors that we can use to expand
any vector, so in particular

d=(d exi)ex1 + (d- exo)exs + (d - K)k

and thus
[ = (d - €x1)” + (d - ex2)® + (d - k)

or

(d- )’ + (d- exz)’ = [d = (d - k)
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We can choose the spherical axis in our integral in any direction that we like, so that we may as well choose

it to lie along the direction parallel to d. So we have finally
(d-€x1)® + (d - ex2)? = |d|? (1 — cos? 0) = |d[*sin® 0

Now Eq. (13.4) can be easily evalued to give

Z/ sin 0dO d<p(d €xs)’ =8§Idl2

Therefore
wk 8 |d|? >
E |gks|? / dk k;2 Y d)? = SmZeohid J, wi dwy, (13.5)

where we have changed the integration over k to over wy = ck.

Next let us take a look at the time integral in (13.3):
t
/ dt’ e—i(wk—wo)(t—t/) a(t')
0

The exponential oscillates with frequency ~ wg. We assume that the excited state amplitude a(t) varies
with a rate I' <« wg. Therefore a(t) changes little in the time interval over which the remaining part of
the integrand has non-zero value (¢ ~ t), and we can replace a(t') in the integrand by a(t) and take it out
of the integral. This is called the Weisskopf-Wigner approximation, which can be recognized as a Markov
approximation: Dynamics of a(t) depends only on time ¢ and not on ' < ¢, i.e., the system has no memory
of the past. We will come back to Markov approximation in later lectures.

Now the time integral becomes

¢ ¢
/ dt’ e~ Hwr—wo)(t=t") a(t’) =~ a(t) / dr e Hwk=wo)T
0 0

with 7 = ¢ —¢/. Since a(t) varies with a rate I' < wy, the time of interest ¢ > 1/wyg, thus we can take the
upper limit of the above integral to co, and we have
/ dr e @m0 — 16(wp — wg) — iP ()
0 W — Wo
where P represents the Cauchy principal part.
Because of the i before it, the Cauchy principal part leads to a frequency shift. This is in fact one
contribution to the Lamb’s shift. This shift diverges and has be dealt with through renormalization. Here

we will neglect this part. Put things together into (13.3), we finally have

T
alt) = — al)
where
I i
3meghc?

The excited state amplitude thus decays exponentially as

a(t) = e~ Tt24(0)
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T" is then the population decay rate, also known as the Einstein A coefficient.

The Weisskopf-Wigner theory thus predicts an irreversible exponential decay of the excited state popu-
lation with no revivals, in contrast to the JC model. In the latter, revival occurs due to the interaction with
a single mode and the discrete nature of the possible photon numbers. In free-space spontaneous emission,
the atom is coupled to a continuum of modes. Although under the action of each individual mode the atom
would have a finite probability to return to the excited state, the probability amplitudes for such events
interfere destructively when summer over all the modes.

Finally we can the lineshape of the emitted light. Using (14.1) we have
bics (1) = igie,e’“F 70 a(t) = igi el mw0)e T2

which can be integrated to give

. i9ics
lim by (t) =
i bres () T/2 — i(wy, — wp)
and the corresponding probability is
|gks|2

lim [by,(t)]* =
tinolo| k ( )| F2/4+(wk7w0)2

which is a Lorentzian form centered at wo with FWHM TI'.
The angular dependence of the emitted light can be calculated from Y |d - exs|?. If the dipole transition
has Am = 0, then d can be taken as real and can be chosen to lie along the polar axis (z-axis), as we have

done above. Thus we have
. 2 .2
th_glo E |bis (t)]|* ~ sin® 6

which is the familiar linear dipole radiation pattern. If, on the other hand, the transition is Am = +1, then

d is complex and can be taken as
dl
d=—=(z %1
\/5( 9)

Using the same trick, we have

. 2 2
0 1 0
SOl e = aP -t = fap? (1- 200 ) - japl et

S
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Chapter 14

Quantum Beats

Quantum interference occur when there are two or more undistinguished possible paths in the evolution of a
system that leads to the same final state. Such a situation can occur in the process of free space spontaneous

emission, and is known as quantum beats.

5 S

Figure 14-1: Level diagram of a three level atom.

Consider the three level system depicted in the figure. The three levels are labelled as |a), |b) and |c)
with allowed transitions between |a) — |¢) and |[b) — |¢). The Hamiltonian is again decomposed into three

parts: H = Hy + Hp + H;yy with

Ha = hwela)(al + hws|b)(b]

Hp = ) hwyin
k

Hue = =Y [hgalc){alax + hgws|c) (blar + h.c.]
k

For simplicity, we have neglected the polarization dependence, and

do€&
Jka = hkv (a:aab)

where d,, is the dipole moment for the |a) — |¢) transition and &, = \/hwy/(250V).
Initially the atom is prepared in a superposition of the two upper states while the field is in vacuum
state, i.e.,

4(0)) = Ca(0)]a, {0}) + Cy(0)[b, {0})
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and we assume that at later time, the state of the system has the form:
[(t)) = Ca(t)e™ " |a, {0}) + Co(t)e™ """ |b, {0}) + br(t)e™"*|c, 1x)
Following the same procedure as in Weisskopf-Wigner theory, we can derive:
Calt) = i) gae™ ) (1)
k
Colt) = iy gupe )iy (1)
k
bi(t) = igh,e @I CL(t) + iggye’“r Ty (2)

The last equation can be integrated as

t t
bi(t) = igi, / dt' €'k =V O () + gy / dt’ ¢! r—n) 0y (¢) (14.1)
0 0

Putting this back into the first equation, we have
t
Oa(t) _ 72 |gka|2/ dt e~ (wk—wa)(t—t )C ngagkb/ dt' e~ Wk —wa)t+i(wk—wp)t Cb(t/)
k

The second at the rhs describes a multiple scattering events: a photon is emitted in the |a) — |¢) transition
and then reabsorbed in the |¢) — |b) transition. When w, # wp, such processes are non-resonant. We thus
ignore such processes in the following.

When this term is neglected, the remaining equation is identical to that obtained in the Weisskopf-Wigner

treatment. We thus have

Ca(t) = C’M(O)e—’vat/27 Ob(t) — C«b(o)e—’th/Q

When these are put back into (14.1), we have

¢ ¢
belt) = g [t Cy0)e R gy [ o Cyo)e 2
0 0
) et(Wr—wa)t—vat/2 _ 1 . etwr—wp)t—mt/2 _ |
i0%a Ca(0) + igyy Cy(0)

Wk — Wa) = Ya/2 i(wy —wp) —75/2

Now suppose that we have a broadband photodetector located at R. The signal is going to be proportional
to the light intensity given by
2

I(t) = () B EG |pt) iR

Therefore let us evaluate the quantity S =", Epbk(t) ¢!l R—wit)  Once again we take the continuum limit

to treat the summation over k. Therefore

T =

_ .V 2 d,EF e'Wrmwa)l=rat/2 i(k-R—wpt)
= 1(27T)3C’a0 / kzdk/ sin 0df d i) =2 e +(a—0)

Now we can choose R to be along the polar axis, then e’k'®

T 2w R eikR _ e—ikR
in 6d6 dpe™ ™t =2r—M8——
/0 sin /0 pe T TR

ei(wk_wa)t_’}’at/z —1

S

CQ(O) ei(k.R—wkt) 4 (CL _ b)

= etkRcosf The angular integral yields
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Thus
C.(0)d, [ elwe—wa)t=vat/2 _ 1 b Ry it
S=—-"-7— dk wik kR _ =i iwp, b
2(2m)%2e0R /0 Wk (Wi — wa) — Ya/2 (e € e +e—b)

Since the integrand peaks at wj, = w,, we can put wik = w?/c and take it out of the integral, then the rest

integral can be carried out using contour integration

S = / dk wkk el et - 1 (e'FF — em iRy emiwrt 4 (g — b)
EQCR W — Wa) ’Va/2
= (C,(0) das e_(%/?_i““)(t_R/c)@(t —R/c)+ (a —b)

4meoc?R

Finally we have for the intensity

I(t) = |S]” = m [\Cf(o)dawﬂze’%(t’mc) + Ca(0)Cy (0)dadpwiewy e~ (et E=R/Q/2 gmivar (=) 4 (g — b)]
From this we see that if either C,(0) or Cy(0) vanishes, we recover the usual exponential decay of the

spontaneous transition between the other two levels. But if the system is initially in a coherent superposition

of the upper levels, the fluorescence signal has a component oscillating at frequency wqp = w, —wp. This result

is at the origin of a spectroscopic technique used to determine the difference in frequency between two levels.

The reason for the existence of this oscillation is due to the quantum interference of the spontaneously

emitted photon. When the photon is detected, we don’t know whether it originates from the |a) — |c)

transition or the |b) — |c) transition. This is like the Young’s double slit situation, we don’t know which slit

the photon passed through. Whenever the question “which way” cannot be answered, we get interference!
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Chapter 15

Dissipative Processes:

System-Reservoir Interaction

In realistic situations, dissipation is always present. The presence of dissipation usually makes an initially
pure state become mixed state. Hence in Schrédinger picture, one has to use density operator to describe the
system of interest. The equation governing the time evolution of the density operator is called the Master
Equation.

Dissipation originates from the coupling to the environment (often called the reservoir) which comprises
a much larger system or ensemble of states. This coupling is typically weak compared with couplings within
the system but may have a rather significant effect on the system, but negligible effect on the reservoir. The
effect of the dissipation does not, in general, depend on the precise form of the reservoir nor on the details of
the coupling. One such example is the spontaneous emission of an excited atom. The reservoir in this case
is just the electromagnetic vacuum.

The total Hamiltonian including both the system and the reservoir reads
H=H;+H,+H;
where each component has the following general form

o= hensls, M= nwblby, Ho =0 (95570 + 9] 0]5)
J J

where § and §' respectively annihilate and create a quantum of energy fw, in the system, and l;j and IA)}L

respectively annihilate and create a quantum of energy Aw; in the reservoir.

15.1 Schrodinger Picture Description: Master Equation

In the Schrédinger picture, the goal is to find the evolution of the density operator. We denote pr, p and p,

as the density operator for the total, system and reservoir, respectively. At the initial time ¢ = 0, the system
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and the reservoir are not correlated, hence we have pr(0) = p,(0) ® p(0). This won’t be the case for later
times.
The total density operator evolves as
) i
pr = _ﬁ[Ha pr]
Since we want to concentrate on the interaction between the system and the reservoir, it is convenient to

change to the interaction picture. Here we take Ho = Hs + H,, then in the interaction picture, we have

p/(TI)(t) _ eiHot/ﬁpT(t)ef’iHot/ﬁ (151)
Vi(t) = eTot/hp e Hot/h = b " g, 8The @i b, = ihsTE(t) + hec. (15.2)
J
(I l I
P = Vi), oy (1) (15.3)

where we have defined the noise operator
F(t)=—iy _gjbje izt (15.4)
J
Equation (15.3) can be integrated formally as [we now drop the superscript (I) for notational convenience:

prtt) = pr(0) = & [ at Wit pr(t)

This can be solve iteratively. For example, let us replace pr(t') at the rh.s. by pr(t') = pr(0) —
(i/h) fg/ dt" [Vi(#"), pr(t")] and obtain the second order equation:

i t 1 t t’
pr(t) =pr©) ~ 1 [t i) o) = 5 [ ar [ W) i), pre)
0 0 0
This process can go on and on, but it usually suffices to truncate at the second order. The truncation is to

replace pr(t”) at the r.h.s. by a decorrelated form

pr(t") = pr(t") @ p(t") = pr(0) ® p(t")

where we have used the fact the system-reservoir interaction does not change the reservoir significantly, hence
pr(t") = p,(0). This truncation procedure is called the second-order Born approzimation.

Now we can rewrite the equation of motion for pr as
, i I
pr(t) = —5Vi0).0:0) © 0] = 75 [ dt WL V(). pr(0) 0 (8] (15.5)
What we are really interested in is the dynamics of the system, or p(t). To this end, we find the equation of
motion for p(t) by trace over the reservoir degrees of freedom from the above equation.

Performing this trace on the first term at the r.h.s. of (15.5) we have

Ter{[Vi(t), pr(0) @ p(0)]} = Tr,{[Vi(2), pr(0)]}p(0)

which results in terms like <F ) and (F ). For a reservoir in thermal equilibrium, p, is diagonal under Fock

state basis, hence

(F) = 0= (FT)
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Therefore to second order, the master equation becomes

) = g | TAVOL V0. pr ()

= [ a0 — 0 BEE) - P50 o))
Expanding the commutators gives 16 terms. Using Tr,.[F'(t)p, F'T(t')] = Tr,[p. FT(t')F(t)] = (FT(t)F (1)),
we have

pt) = / e {[3p(05" - STspNEWF ) + [5p(2)5" - p(t)318(F(¢)F 1)
8T p(t)8 — 33T (| (T () B () + (81 plt))3 — plt)88T1(ET (1) F (1)
~[5Tp(t)8T — S8R (B (B () — [8Tp(t)8T — p(t)3t 5T () B (1))
~[3p(t)s — 83N (T (O FT (1) — [3p(t)5 — plt)83)(FF (¢ F ) }

Under the Markov approximation, the noise operators are d-correlated, with

(FOFT(t) = (F()F(1) = g(ﬁ +1)8(t—t), (FIOF) = (FT(¢)F(1) = gm(t —t)
(FOEW) = (F()F() = gM 8(t—t"), (FYO)FN (1) = (FT(tFi(t) = gM* ot — 1)

with T = 2737 |g;1*0(w; — ws), 7 = (bt (ws)b(ws)) and M = (b(ws)b(ws)). The derivations follow a similar
procedure as in the discussion of the WW theory of spontaneous emission. Here we see that I', which
characterize the decay rate of the system, is also related to the noise correlations which characterize the
fluctuations of the reservoir. This property is a consequence of the so-called fluctuation-dissipation theorem.

From these relations, the master equation becomes

. r f At ata U A faa .
p1) = S+ R8PS — 5150(0) — p(1)313] + Sal28Tp(0)8 — 831 (1) — p(1)331
T r
—5 M[28"p(t)5" = 878Tp(t) — p(t)3757] — 5 M*[28p(1)5 — 53p(t) — p(t)35]

In general, the positivity of the density operator requires that |[M|> < n(n + 1). In most cases, the
reservoir is in a thermal equilibrium state, then M = M™* = 0, and 7 is the average number of the thermal
quanta. For zero temperature, 7 = 0 and the master equation is further simplified. A finite M indicates
that the reservoir possesses phase sensitive correlations. This arises, for example, in the case of a squeezed
reservoir state.

For a thermal reservoir at zero temperature, we have n = 0 = M. Going back to the Schrodinger picture,

the Master equation can be simplified to

(E) = 1 [ p(0)] + 5 [28p(1)3" — 8150(0) — p(1)313]

15.2 Heisenberg Picture Description: Quantum Langevin Equa-
tion

To gain more insight into the system-reservoir interaction, we now treat the same problem in the Heisenberg

picture. In this treatment, the reservoir operators can be interpreted similarly to Langevin forces in classical
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statistical mechanics. These quantum noise operators are the source of both fluctuations and irreversible
dissipation of energy from the system to the reservoir. Here we will study a specific example of the interaction
between a two-level atom and the free space electromagnetic field under the RWA. The Hamiltonian reads
Mo = hwabee, Hp =Y hwjala;, Hy=Y hgioegij+ Y hgialoge
J J J
It is again convenient to adopt the interaction picture, in which the Hamiltonian becomes
Vi(t) = hgjGegije 8+ hgralegeet st
J J

where Aj = w; —wa. The Heisenberg equations of motion can be obtained as

Gaelt) = izgja—g(t)aj(t)e*mﬂ (15.6)
Gy(t) = —2izgj&eg(t)aj(t)e—mﬂ+h.c. (15.7)
a;(t) = —ig]oae(t) e’ (15.8)

where 63 = e — 0yg.

Equation (15.8) can be formally solved as
t o
() = a(0) — ig’ / 0t 6,0 (t') DI
0
Put this into (15.6), we have

t
Gge(t) =1 E g;G3(t) a;(0) e "t 4 g |gj|2&3(t)/ dt' Gge(t') S0 (15.9)
- , 0
j j

The first term at the r.h.s. can be written as —63F(t) where F(t) = —i > g;ja;(0)e~"A3t is just the noise
operator, also known as the Langevin operator, as defined in Eq. (16.5). The second term at the r.h.s. can be
treated under the Markov approximation. Assuming that > ; lg;|? eAi (=) is sharply peaked at ¢ — ¢ = 0,
then we can replace 64¢(t") by 64.(t) and take it out of the integral over #. Using
t oo
/ dt’ et =1 / dt' e300 = 75(A)
0 0

the second term becomes —I'G4.(t)/2, where I' is the same decay rate we are now familiar with and we have

used that 63(¢)04e(t) = —F4e(t). In conclusion, we have
. I . -
Gge(t) = 3 Gge(t) — G3(t)F(t) (15.10)

Similarly we can have

beglt) =~ uglt) — F1()53(0) (15.11)
G3(t) = —T[63(t) 4+ 1] 4 260, (1) F(t) + 2FT ()G ,e(t) (15.12)

Egs. (15.10) (15.11) and (18.8) are called the quantum Langevin equations because they contain terms

proportional to the Langevin noise operators.
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These equations can be formally integrated. Put two such formal integration solution to the third

equation, take the expectation value and perform a system-noise decorrelation such as

(Gt () E () = (G5 () (ET () E(t)

we find that we are again in the situation to calculate the correlations of the noise operators which we know

how to do under the Markov approximation. Finally we have

Gpult) = —g(2ﬁ+1)age(t)>—FMaeg(t) (15.13)
beglt) =~ (2 Doeg(t) ~ M1 (15.14)
Ga(t) = —T[(27 + V)os(t) + 1] (15.15)

where the quantity without the hat is the expectation value of the corresponding operator.
Using the quantum Langevin equation, it is very convenient to calculate the two-time correlation function.
For example, let us evaluate (G4.(t)Gc4(t')) and for convenience, assuming ¢ > t'. Multiply both sides of

(15.10) by G4(t') and take the expectation value, we have

d . . r
i (Gge(t)Teq( =

~
<
~—
~
|
|
\
—
Q>
<
@
—~
~
~—
Q>
8
Q
—~
~
<
—
~
|
—
Q>
w
—~
~~
~—
=St
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Q>
8
Q
—~
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Let us evaluate the second at the r.h.s. using the identity
t .
5’3(t):5'3(t—5t)+/ dT6'3(T)

t—ot

we then have
t

(3(0)F'(8)0eg () = (63(t — S)F (£)deq (1)) + / dr {G3(7) F(t)5e4(t)
t—ot
The first term at the r.h.s. vanish since the atomic operators at earlier times cannot depend on F(t). Using
(18.8) we can evaluate the second term at the r.h.s. At this stage we need to decorrelate the atomic and the
noise operators. Again, we need to evaluate the noise correlations. After a straightforward procedure, we

have

(63(1)F(1)Geq(t')) = T(Ege()Feg (1)) + TM (Geg(t)5eq (1)
Therefore we finally have

U o e
71 F0eW)Feq(1) = =5 (20 + 1)(6ge(t)eq (1)) = TM (e (£)Feq ()

Compare this with (15.13) we find that the two-time correlation function (G4 (t)deq(t')) satisfy exactly the

same equation of motion for the single-time expectation value o4 (t). This is called the quantum regression

theorem.
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Chapter 16

Atomic Relaxation

We have seen in the WW theory of spontaneous decay how a coupling between an two-level atom and the
vacuum field leads to relaxation. Here we want to extend this to a more generalized situation.
Consider an atom with multiple levels 1,2,3, ... Level k lies above Level m if £ > m. We will use a density

matrix approach to study in more detail the system-reservoir interaction.

16.1 Equations of Motion

Denote the density operators for the system, reservoir and the total as p, pgr and pr, respectively. At time

t = 0, there is no entanglement between the system and the reservoir, hence
pr(0) = p(0) ® pr(0)
Let B, and E:r\ be some generic reservoir mode operators that satisfy the commutation relation
[Bx, Bl] = 63,

For the particular example of the familiar d - E dipole interaction between an atom and the empty modes
of the vacuum, B, would corresponds to axs. When expressed in terms of the 6 operators for the atom, the
Hamiltonian describing the atom-reservoir interaction reads

Hi = =" 3 g kom) (Blows +dum By (16.1)
A k>m

where the coupling parameter g(\; k,m) is taken to be real for simplicity. The symbol k > m is intended to
indicate that both labels k and m are summed over all of the atomic states, but with the k& > m restriction.
This has the effect of directly eliminating from the Hamiltonian any possibility of “counter-rotating” terms
(Level k lies above Level m if k > m).

The bare Hamiltonians for the atom and the reservoir are given by

Hy = ZEkﬁkk, Hp = ZMAB,T\BA
& )
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The dynamical equations for ¢’s and B operators are easily found as

Z.é'lm = Wnilm — Z ZQ()\; S, C)(a'lc(sms - &smacl)B)\ +h.c. — Z Zg(/\; S, C)B Uls me 0'0(016 2))

s>c A s>c A

iBy = wAB)\fZg()\;p,a)érap (16.3)

p>a

where hw,,; = E,, — Ej.

16.2 Preliminary Solutions

From (16.3), the formal solution for Bj(t) can be found as

t
Bx(t) = Bx(0)e ™ +4i Y " g(X;p,a) /0 dt' e= =) 5 (1)

p>a

which can be decomposed into two parts By (t) = B3 (t) + Ba™ (t) with

Bf\df(t) — B)\(O) —iwzt
Bitom@) _ ZZQ )\ ‘D / dt/ —iwy (t—t") a,p(t/)
p>a

When we substitute this formal solution into (18.5), we will encounter two terms, namely
3 g(his.0) (B;elf + Bitom) (16.4)
A

These will have an important relation to each other. But let us first focus on the second term which can

rewrite as

Zg)\scB‘“om—zZ/ dt' Gocpa(t —1')0ap(t')

p>a
where we have defined

scpa Zg )‘ s5,¢)g )‘ yp,a ) Tt

which is called the reservoir response functzon. Since the reservoir modes are assumed to be dense, the
summation over A should be understood as an integral over reservoir frequency wy. Hence G(7) can be
understood as something like the Fourier transform of the square of the atom-reservoir coupling coefficient
g.

In addition, the reservoir coupling is assumed to be broadband and without discrete resonances, the
functional dependence of g is nearly independent of wy, smooth and almost featureless over a wide band of
reservoir frequencies. Thus we can anticipate that the quasi-Fourier transform G(7) is almost a d-function,
e.g., non-zero only in an extremely narrow neighborhood of 7 = 0. The width of this non-zero region, 7r, is
called the reservoir coherence time. When 7g is much smaller than any time scale of interest, we can consider
Tr to be zero, which is equivalently to saying that the reservoir response is practically instantaneous. This
dependence on the present time, to the effective exclusion of earlier times, is just the Markov approzimation.

The contribution of the first term in (16.4) can be abbreviated as

fse(t) = Zg()\; s,¢) B3 = Zg()\; s,¢) By (0) et (16.5)
A A
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and will be called a reservoir noise operator. It contains information about the character of the reservoir.

Putting these back into (18.5), we have

ié’lm - wml&lm - lZ(Ulcéms Usmacl) <nsc + ZZ/ dt Gscpa( - t/)a-ap(t/)>

s>c p>a

+Z< A+ / dt' G (t— )6, (t’)) (&ls(sm—&masl)] (16.6)

s>c p>a
Obviously, the 6 operators evolve on two time scales, a fast scale associated with free evolution and a much

slower scale associated with the weak coupling to the reservoir. The free evolution is given by
Gap(t) = Gap(0) et

where the entire evolution is in the phase, with no change occurring in the amplitude. In (16.6), the presence
of G(t — ') in the time integral means that the integrand is zero except in a short time interval, of length
TR, very near to ' = t. During this short time, the amplitude can be assumed not to change, but the rapid

phase change of 6,, must be accounted for as
Gap(t') = Gap(t) e~ or 71

Therefore we have

i&lm = wmlalm - [§ Ulc ms Jsm(scl <nsc +1 § gscpa Uap ))
>c

p>a

+Z< 41 Grepa(D)dpal )) <&l86mc—&cmésl>1 (16.7)

s>c p>a

where
t X , t . ’
apa(t) = [ Gt = ) = 37 glxss hg(Aipra) [ d e ilermem e
0 X 0

The time integral, in the large ¢ limit, yields

t ) , 1
/ dt’ e= A= wra) (=) 15wy — wpa) — P <>
0

W) — Wpq
and subsequently
gscpa(t) - Fscpa - Z.(Sscpa

where

Ticpa = 73 g(Ais,0)g(Aip,a)d(wx — wpa) (16.8)
A
1
Osepa = A;s,¢)g(A;p,a)P () 16.9
p ;9( JXip, )P | (16.9)
play the roles of damping rates and frequency shifts, respectively. The RWA theory is not adequate to give

the correct numerical value of the frequency shift. We will simply assume that the correct shift has been

included in the bare frequencies wy,; and ignore the d,¢pq terms from now on.
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If we take expectation values on both sides of (16.7), The contribution from the noise operators terms
vanish. This is because the noise operators are related to B(0) and BT(0) only. These are not correlated to
the atomic operators. And since the reservoir is assumed to be in a thermal equilibrium state, its density
matrix is diagonal in the reservoir energy representation, hence (B(0)) = (BT(0)) = 0. Now we can neglect

the noise terms 7. in (16.7). The equation for & becomes

Z.é'lm = wml(}lm - ZZ Z Fscpa (a'lp(smséca - &spaclama) +1 Z Z Fscpa ((}psdalémc - a'pm(sac(ssl)

s>cp>a s>cp>a
= wml&lm, - ZZ Z Fscpa (&lp(;ms(sca - &sp(scl(sma - &psaal§mc + (}pméacésl) (1610)
s>cp>a

where we have used 6.64p = Gpcq-

16.3 Diagonal and Off-Diagonal Relaxation

Eq. (16.10) can be simplified by organizing the multiple summations into two kinds of terms — those that
oscillate at the same frequency as 6y, and those that don’t. Reservoir theory simply discards those of the
second kind, on the grounds that they rapidly get out of phase and make negligible long-term contributions.
With this in mind, we will consider the off-diagonal or “coherence” terms (I # m) and the diagonal or

“population” terms (I = m) separately.

16.3.1 Off-Diagonal Relaxation

Consider the off-diagonal terms first. After discarding all terms in (16.10) not varying like 6y, itself, we find

Z‘(LTlrrL = wml6lm - ZZ Z (Fscmaépmamsaca - 1—‘lcmacssl(Sclésmzﬂibrn - chla(splésm(smc(sal - Fscla(;pl(ssl(sca) 6lm

s>cp>a
Now we will examine a detail left open so far. This has to do with the role of relaxation interactions not
involving energy exchange with the reservoir, but rather phase change, i.e., elastic collision processes. They
arise from terms associated with equality rather than inequality in the summation limits, e.g., s = ¢ and
p = a. These terms are not included in the Hamiltonian (16.1). When these are included and separately

taken into account, and the Kronecker d-functions are evaluated, we find

é'lm = _iwml&lm - Z Fmama + Z Flala + memm + Fllll - mell - Fllmm 6lm (1611)

a (a<m) a (a<l)

The rates with paired indices, namely 'ypmmm, L, Tmmi and Ty arise from the “dephasing” terms
mentioned above. They satisfy

memm = 1—‘llll > mell = 1_\llmrn

16.3.2 Diagonal Relaxation

The situation is similar, but not exactly the same, in the diagonal case | = m. Since 6., has a zero-

frequency time oscillation, so any diagonal operator at all on the r.h.s. of (16.10) will remain “in phase”



82

with it, and cannot be discarded. We thus keep all diagonal operators, and the result is

émm, = - Z Z Fscpa (&mpamsdca + 6pm5ms(sca - 6sp5cm§ma - a—ps(smc&zm)
s>cp>a
= -2 Z ConamaGmm + 2 Z T prpmOpp (16.12)
a (a<m) p(p>m)

This result is easy to interpret: The minus sign indicates that &,,,, decays at various rates I';,qmq into all
the levels a below level m; the plus sign indicates that the population at level m increases with various rates

I'pmpm due to decay into m from all levels p above it. Obviously, we have

> mm =0

as the total population is conserved.

Note that the off-diagonal rate includes exactly the same decay coefficients as appear in the diagonal
decay of either level [ or level m. Off-diagonal decay is at least half as fast as the sum of decay rates out of
each of the two levels involved. However, there is no contribution to the off-diagonal rates from the I'pppm,
processes that cause level population to increase. That is, off-diagonal relaxation is directly affected by

population decrease, but not at all by population increase.

16.4 Effects of the Noise Operator: Fluctuation-Dissipation The-
orem

In the above discussion, we have neglected the contribution from the noise operators since their expectation
values vanish. However, these noise operators exhibit non-trivial correlations with each other. Here we take

a zero-temperature reservoir (the oscillator vacuum) and evaluate a two-time noise correlation function:
hac®id () = 3" 9(Xs5,0) gl p.0) (BAO)BL(0)) emrt et
A p

= Y g(Nis,0) g(usp,a)e 1)
A

= Gsepa(t —1t')

Q

Dsepa 0(t —¢)

Therefore we see that the noise correlation, which characterize the reservoir fluctuations, is closely related

to the dissipation of coherence in the atom. This is called the fluctuation-dissipation theorem.

16.5 Application to Two-Level Systems

For the system with only two levels labelled 1 and 2, we have
G11 = 202191600 = —b29
012 = —712012

where 12 = 2121 + T'a222 + T'i111 — 22211
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Chapter 17

Dissipative Processes in Schrodinger

Picture: Master Equation

In realistic situations, dissipation is always present. The presence of dissipation usually makes an initially
pure state become mixed state. Hence one has to use density operator to describe the system of interest.
The equation governing the time evolution of the density operator is called the Master Equation.

Dissipation originates from the coupling to the environment (often called the reservoir) which comprises
a much larger system or ensemble of states. This coupling is typically weak compared with couplings within
the system but may have a rather significant effect on the system, but negligible effect on the reservoir. The
effect of the dissipation do not, in general, depend on the precise form of the reservoir nor on the details of
the coupling.

The total Hamiltonian including both the system and the reservoir reads
H="Hs+H, +H;
In the interaction picture, the system-reservoir interaction Hamiltonian takes the general form
Hi(t) = ih[3TF(t) — F(t)3] (17.1)
where § and §' respectively annihilate and create a quantum of energy fiw in the system, and
F(t)=—i / W(A)e "Ath(A)dA

is the Langevin operator that characterize the effect of the reservoir. Usually we have (F(t)) = (Ff(t)) = 0.
Here we assume that the modes in the reservoir have a continuous spectrum characterized by the detuning

A, annihilation (creation) operator b(A) (bf(A)), and the system-reservoir coupling amplitude W (A).

17.1 Derivation of the Master Equation

Let pr, p and p, represent the total, system and reservoir density operators, respectively. Hence p = Tr,.pp.

We consider the general class of problems for which the system and the reservoir are initially uncorrelated,
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i.e., pr(0) = p(0) ® p-(0). In the interaction picture, we have

[H1(t), pr(t)]

pri) =

and the master equation for p is obtained by tracing over the reservoir degrees of freedom

5(t) = 3 T, [H1 (1), pr ()] (17.2)

Equation (17.2) can be solved iteratively as

p<t>:p<o>+z<_;) [t [Catas [t T ). ). PG o)D) (073)

Certainly in real calculations, we have to truncate the summation at finite n and let pr(t,,) = pr(tn) @ p(ts)-
Since we have assumed that the reservoir is little changed by the system-reservoir coupling, so we have
pr(t) = p,(0). Then the n = 1 term involves only terms proportional to (F(t)) and (Ff(t)), which are zero.
Normally it suffices to calculate the second order n = 2 term.

Thus to second order, the master equation becomes

—a [ AT 0. 00 O]

p(t)

/O dt Te, {[3E(t) — BT (8)3, [3E(t) — FT(#)3, p,(0) @ p(t')]]}

Expanding the commutators gives 16 terms. Using Tr,.[F'(t)p, F'T (t')] = Tr,[p. ET(t')F(t)] = (FT(t)F (1)),

we have
) = /0 at’ {[sp(t)5" = $"sp(@NEWEFH () + [sp(t)5 = p()5T5)(F () (1)
—[8p(¢)3" — 518" p()(F () F(t')) — [81p(t")8" — p(¢")3T5T(F () F (1))
~[8p(t")3 = 33p(t(ET (1) FT (1)) — [30(")3 — p(t') A§]<FT(t')FT(t)>}
Under the Markov approximation, the Langevin operators have zero expectation values, i.e., <F> =

(FTYy = 0, and are -correlated, with

(WP = (PE)EW) = 50+ 15 —1), (FIORW) = EW)E@W) = st —1)
(FORW) = (E@)R0) = gM 1), (FIOF () = (F O F (@) = 5 M5~ 1)

with T' = 27|[W(0)|2, 7 = (b7(0)b(0)) and M = (b(0)b(0)). From which, the master equation becomes

ro|

(74 1)[25p(t)3" — 5T3p(t) — p(t)575] + gﬁ[ZéTp(t)é — 55T p(t) — p(t)331]

S MR8 ()31 — 8181 (1) — p(1)3131] — T M*[28p(1)5 — $3p(1) — p(1)3]

pt) =

In general, the positivity of the density operator requires that |M|> < a(n + 1). In most cases, the
reservoir is in a thermal equilibrium state, then M = M* = 0, and 7 is the average number of the thermal
quanta. For zero temperature, 7 = 0 and the master equation is further simplified. A finite M indicates
that the reservoir possesses phase sensitive correlations. This arises, for example, in the case of a squeezed

reservoir state.



17.2 Examples

Here we give a few examples of the master equation.

17.2.1 Damped Cavity
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Consider a cavity mode coupled to a zero-temperature thermal reservoir. The system operators are § = a

and 8" = af. For the reservoir, we have 7 = M = 0. Then we can write the master equation as
p(t) = D(J + L)o(t)
where J and L are superoperators defined as
Jp(t) = ap(t)al
ip(t) = —glalap(t) + p(t)ala
The master equation can be formally solved as
plt) = exp[TH(J + L)]p(0)

Using the property

[J,Llp=—Jp
we can disentangle the exponential operator to obtain either
p(t) = exp(TtL) exp{[1 — exp(~T1)]J} p(0)

or

p(t) = exp{[exp(T't) — 1]J} exp(I'tL) p(0)

(17.4)

(17.5)

e If the cavity is initially in a coherent state, i.e., p(0) = |a){c|, we want to use (17.4), since p(0) is an

cigenstate of J:
Jp(0) = ala)(ala’ = |a|*p(0)
Hence we have
p(t) = exp{[L — exp(~T't)]|af*} exp(I'tL)p(0)

In order to evaluate exp(I'tL)p(0), we realize that

exp(T'tL)p(0) = exp(—Ttata/2)|a)(a| exp(—Tta’a/2)

Using the number state expansion for the coherent state, we have

exp(~Ttafa/2)la) = eXp(_|a|2/2);)[aexp(—\/;/2)Y’n>

exp{—|a|?[1 — exp(~T't)]/2}|aexp(~Tt/2))

Therefore, we have
p(t) = |aexp(=I't/2))(oexp(—T't/2)|

i.e., the cavity mode remains in a coherent state whose amplitude decays with rate I'/2.
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e If the cavity is initially in a number state, i.e., p(0) = |n){n|, we want to use (17.5), since now p(0) is

an eigenstate of L:

Lp(0) = —%(aTalnMn\ +[n)(nla’a) = —n|n)(n]

Hence we have
p(t) = exp(—nI't) exp{[exp(T't) — 1].7}p(0)

Consider exp(kJ) as a power series in k giving

=k, =kl n!
exp(kJ)p Zl— a'lny(n|(a Zl— \n—l)(n—l|
1=0 1=0
With k& = exp(T't) — 1, we have
= ;. nl
ZZ exp(=It)]" 1 [1 — exp(—T¢)] m\n —{n—1
=0

corresponding to a mixed state with a binomial photon number probability distribution.

17.2.2 Two-Level-Atom

Consider a two-level atom with ground state |g) and excited state |e). Now the system operators are

§=6_ = lg)(el and 5" = 6, = |e){g].

e Suppose the two-level-atom is couple to a thermal reservoir (M = 0). The master equation becomes

r

(1 +1)(2|g)pee(g| — le){elp — ple){e]) + gﬁ(2|€>ng<€| —|9){glp — rlg){gl)

o) =

From which we have

Pee = —Pgg =T (N4 1)pec —I'npgg

. r.__
Peg —5(2n + 1)peg

which can be solved to give

- 1 _ ~T(2n+1)t n [_ —F(2ﬁ+1)t}
pee(t) 1 pgg(t) pee(O)e + 2ﬁ—|—1 1 e

Peg(t) _ peg(o)efr‘(ﬁJrl/Q)t

which shows that the atom evolves towards thermodynamic equilibrium with the reservoir.

e Suppose the atom is driven by a resonant laser field and coupled to vacuum (72 = 0) through spontaneous

emission. The atom-laser interaction is described by the Hamiltonian

hQ2
H,. = 7(@ +0_)

Now we have to add the term —(i/h)[H,L, p(t)] at the r.h.s. of the master equation (assuming zero

detuning). Define

61=04+0-, O2=1i(6-—04), 63=|e)(e]—[g)yl



87

we can write

o(t) = %[1 +u(®)61 + v()5s + w(t)5s]

with 1 = |e){e| + |g){g| being the identity matrix and u, v, w are the expectation values of 6123,

respectively. We can now derive the equation of motion for w as
B(t) = Telesp(t)]
QL . . r A . NP . L
= —z;Tr[agolp(t) — a3p(t)61] + §Tr[2030_p(t)o+ — 6364.0_p(t) — d3p(t)616_]
Ry A A a
= —i5Te{[63,61]p(t)} — 2T Tx[61.6p(t)]

2
= Qu(t) —Tw(t) + 1]

Similarly, we can find

u(t) = —gu(t)
o) = —Qw(t)—gv(t)

These are just the Optical Bloch Equations.

17.3 Monte Carlo Wave Function Method

If a relevant Hilbert space of the quantum system has a dimension N that is much larger than 1, the number
of variables involved in solving the Master equation for the density matrices is ~ N2. The computation can
become very time-consuming, or simply unpractical. To overcome this, Monte Carlo wave function method
(MCWF), or equivalently the gquantum trajectory method, is developed to study the system dynamics. In
such methods, the number of variables involved is ~ .

To see the equivalence between the MCWF method and the Master equation, we note that the equation
obeyed by the system density operator is

. 1
pP= E [Hsy P] + Erclax(p) (176)

where L,q.x represents the relaxation superoperator, acting on the density operator p. In most quantum
optics problems involving dissipation, the relaxation has the form
1
Lrctax(p) = =5 3 (CLCmp+ pClCrmp) + 3 CrupCl, (17.7)
m m
The first two terms at the r.h.s. of (17.7) can be accounted for if we define the non-Hermitian Hamiltonian

as

h
Heff = Hs - 25 ;Canm

The last term at the r.h.s. of (17.7) represents some kind of projection as can be seen if we take p = |¢) (¢},
then this term corresponds to a projection operator » . Py, = > [¥ ) mm (Y| with [¢),, = Cpl|).

Hence this term corresponds to a quantum jump. If the quantum jump indeed happens, then the system
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wave function immediately following the jump will be projected into one of the |1),,’s with some probability
law.
Suppose at time ¢, the system is in a state with the normalized wave function |¢(t)). The procedure of

the MCWF method to find the wave function |¢(¢ + §t)) then takes the following steps:

e First we calculate the probability for the quantum jump to occur, which is given by

op = St(i/R)((1)|(Her — Hig)ld(t) = D opm (17.8)

3t (¢(t)|CF.Crmlo(t)) (17.9)

0pm

&t must be chosen such that dp < 1.

e Then a random number ¢, uniformly distributed between 0 and 1, is chosen, and we compare € with

op.

— If € > dp which occurs for most of the time since dp < 1, then the quantum jump does not occur,

and the system evolves according to Heg, hence we have
[B(t +88)) = NP g 1)

where A is a normalization constant which is necessary since Heg is not Hermitian, hence the

77;Heff5t/h

propagator e does not preserve the norm of the wave function. It can be calculated as

1 = VDA (1)) =\ (g(0)] = Z m OhCn] (1)

To first order in dt, we have

1
V1—4dp

— If € < dp, then the quantum jump does occur, and the system wave function becomes

(¢ + 6t)) = (1 = Hemdt/R)|6(t))

|¢(t + §t)>m = N,Cm|¢(t)>

with a probability 11, = dp,,/dp and N/ = (((;S(t)\CLCmW(t)))fl/Q = /0t/épnm, is again the

normalization constant.

Now the equivalence of the MCWF with the Master equation can be proved as follows. The density operator
at time ¢ is given by p(t) = |¢(¢)){(¢(¢)|, and at time ¢ + dt, the averaged p(t 4 0t) over the evolution caused

by many different values of the random number € is

plt+6t) = (1=0p)|o(t +5))b(t + 6t)| +p Y Tn|o(t + 6t))imm ((t + 6)]

ot

= p(t) + 2 [Hs, p(D)] + 5tLretax (1))

which agrees with the Master equation (17.6).
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17.3.1 Example: Application to Two-Level Atom

Now let us apply the MCWF to a two-level atom driven by a laser field subject to spontaneous emission.

The Hamiltonian and the Master equation are given by

1
H, = —hAG.6-+ hQ(6s +6-)

1 r .. A JEN
%[Hs’/f]*§(U+U—P+P0+O’—)+FU—P0+

P
Hence the relaxation terms in the Master equation indeed has the form of (17.7), with only one C,,, = vVT'6_.
The terms 646_p + pd4+6_ is responsible for the decay of coherence (off-diagonal density matrix elements)
and that of the excited population, while the quantum jumping term 6_pé6 corresponds to the spontaneous

emission of a photon and the state being projected onto the ground state. The effective non-Hermitian

Hamiltonian is then given by

D
Hor = H, —i—-6.6-

The procedure of the simulation is as follows. Given the atomic wave function ¢ (t)) = ay(t)|g) + ac(t)|e),

the wave function at ¢ + 6t is determined through the following steps

e First we calculate the probability of spontaneous emission between ¢ and ¢ 4+ dt which is given by
dp = otD(W(t)|6T 6™ [y (t)) = 6tT|ac(t)|?
e A random number € is chosen to determine whether or not the spontaneous emission occurs.
— If € > 0p, then the photon is not emitted, the state evolves as
(¢ + 6t)) = Nem et/ | (2))

— If e < dp, then [¢p(t + dt)) = |g)
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Chapter 18

Dissipative Processes in Heisenberg
Picture: Quantum Langevin
Equations and Quantum Regression

Theorem

To gain more insight into the system-reservoir interaction, we now treat the same problem in the Heisenberg
picture. In this treatment, the reservoir operators can be interpreted similarly to Langevin forces in classical
statistical mechanics. These quantum noise operators are the source of both fluctuations and irreversible
dissipation of energy from the system to the reservoir. Here we will study a specific example of the interaction

between a two-level atom and the free space electromagnetic field.

18.1 Quantum Langevin Equations
The system operators are then

or =le)gl, o =lg)lel, o3 =le)(e|l —lg){gl

and 0y =04 +0_, 09 = i(0_ —04). The reservoir is characterized by the annihilation and creation operators

b(A,t) and b'(A,t). The interaction Hamiltonian is given by

H = ﬁ/AbT(A,t)b(A,t)dA + h/ [(W(A)oy(£)b(A, 1) + W*(A)T(A, t)o_ ()] dA
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From which we can derive the Heisenberg equations of motion as

o = i/W(A)a3(t)b(A,t)dA (18.1)
Gy = —i/W*(A)bT(A,t)o—g,(t)dA (18.2)
b3 = —22’/[W(A)a+(t)b(A,t)—W*(A)bT(A,t)a_(t)] dA (18.3)
b(A,t) = —iAb(At) —iW*(A)o_(1) (18.4)

We can formally integrate the last equation to solve for b(A,t) as:
t
B(AL 1) = b(A, 0)e— Dt — 1% (A) / NG

0

Put the above solution back to the equations for system operators, we have (we only use o_ as an example)
. t . 7
o) =i / W (A)os(E)b(A, 0)e—IAtdA + / dr / AA W (A) e D gy o (#)  (18.5)
0

To proceed further, we take the Markov approximation, i.e., assume that K (t—t') = [ dA|W(A) |Qe_"A(t_tl)
to be sharply peaked at ¢ = ¢'. As a result, we can replace the argument ¢’ in o_(¢') of the double integral
by t and hence take it out of the integral [Note that o3(t)o_(t) = —o_(t)]. This is equivalent to assuming
that o_(t) does not dependent on its previous values. In the extreme limit, we can take K (¢t —t') to be

proportional to a é-function: K(t —t') = ['§(t — t') with ' = 2x|W(0)|?. Then we can rewrite (18.5) as
G_(t) = —=0_(t) — o3(t)F(t) (18.6)

where F(t) = —i [ W(A)b(A,0)e "t dA is the Langevin operator, sometimes also called the noise operator
or fluctuation operator, which depends on the field operator at the initial time.

The Langevin operators can be evaluated at least in principle, but their explicit form is not needed
within the Markov approximation and with the quantum regression theorem (see later). This remarkable
result eliminates the need for considerable algebra. All we need to know about the noise operators is that

they have zero expectation values, i.e., (F) = (FT) = 0, and are d-correlated, with

EWFI) = (PE)F W) = 50+ 15— 1), (FIOFW) = (F @)F@) = gas(t—1)
(FHE() = <F(t’)F(t)>=gM5(t—t’), <FT(t)FT(t’)>=<FT(t’)FT(t)>=gM*5(t—t’)

with 7 = (b7 (0)b(0)) and M = (b(0)b(0)).

Similarly we can have

bu(t) = —3ou(t)~ Fl(D)os(t) (18.7)
G3(t) = —Tlos(t) + 1]+ 20 () F(t) + 2F (t)o_(t) (18.8)

These equations are called the quantum Langevin equations
The properties of atom at any given time are described by the expectation values of the atomic operators.
It is sufficient, therefore, to obtain equations of motion for (o4 (¢)) and (o3(t)). In order to do so, we have to

deal with the expectation value of the products of Langevin and atomic operators. To simply decorrelate the
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products as (o3(t)EF(t)) = (o3(t))(F(t)) = 0 obviously doesn’t make sense as it neglects part of the influence
of the field on the atom, and the resulting equations are incorrect. To overcome this, we first formally

integrate (18.6), (18.7) and (18.8) to give

o (t) = e T2 [0(0)— /te“//%;j(t’)ﬁ(t')dt'} (18.9)
0
o (t) = e T2 [0+(0) /te“’ﬂﬁf(t’)ag(t')dt'} (18.10)
0
o3(t)+1 = e T {03(0)+1+2 /teft’[0+(t')ﬁ(t')+FT(t’)o_(t')]dt'] (18.11)
0

and to proceed to the next order of iteration. Substituting these into (18.6), (18.7) and (18.8) and then

taking the expectation value of each equation gives

o) = —glo-©) =2 [ T o) PE)F) + (FIOPE-¢)ar
Gult) = —glon®) =2 [ TOUFOF @)o(0) + (o )P WP ar
6a(t) = ~Tlloa0) + 1] =2 [ e TIRYE o) F(0) + (B (s 1) ()i

At this stage, we can decorrelate atomic and Langevin operators, and using the properties of the Langevin

operators, we have

(6-(1) = —5@a+ D)o (1)~ TM{os (1) (18.12)
Go0) = —5 (a4 1) (1) ~ DM (o (1) (18.13)
(63(t)y = -=T[(2n+ 1){os(t)) + 1] (18.14)

From which we also have (assume M to be real)
. r._
(e1(t))y = —5(2n+ 1+2M)(o1(t))

G2() = (21— 2M)(oa(0)

18.2 Quantum Regression Theorem

In many circumstances, we need to calculate the two-time correlation function such as (o (t)o_(¢')) with
t > t’. This can be done using the quantum regression theorem, which simply states that the expectation
value of the two-time correlation function (o;(t)o;(t')) satisfies the same equation of motion as the single-time
(0;(t)) does. Here is the proof.

From (18.7), we have

Lo (Do) = ~5 {04 (Do () ~ (F(D)os(t)o_ (1)

Inserting the formal solution of o3(¢) in (18.11), the last term becomes

(FT(t)os(t)o_(t')) = <FT(t)[—1 + e T (a3(0) 4 1)]o_ (t')>—|—26_” <FT(t) /o "oy () E(r) + Fl(r)o_(1))dr o (t')>
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Since t > t’ and the atomic operator cannot depend on the noise operator at a future time, so the first term

at the r.h.s. vanishes. Decorrelate the atomic and Langevin operators in the second term, we have

(B (D)o3(t)o_(t) = Tafos (o (¥)) + TM* (o_()o_(t)

Hence we have

d

21 (o+Bo-(t) = —g(% +1D{os (o (') =TM*(o_(t)o_(t))

Compared with (18.13), we see that the two-time correlation function obeys the same equation as (o (%)),

thus establishing the quantum regression theorem for the two-level atom.
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Chapter 19

Optical Bloch Equations

19.1 Semiclassical Theory of Atom-Photon Interaction

In previous lectures, we have studied the interaction between atom and light field. We have treated both
the atom and the light quantum mechanically. In many situations, however, the quantum effect of light is
negligible. Under such circumstances, a semiclassical theory suffices, in which the atom is still quantized
(i.e., having discretized energy levels), while the light is treated classically (i.e., obeying Maxwell equations).
Obviously, there are situations when the semiclassical theory is invalid. For example, the semiclassical theory
cannot correctly describe the quantum beats phenomenon since it neglects the quantum correlations between
atomic operators and the light field which is the key to understanding quantum beats.

Here we’ll study the semiclassical theory and we’ll start from the interaction between a two-level atom

and a classical light field.

19.2 Operator Physics for a Two-Level Atom

We've already introduced two-level atom in the study of JC model. The states for a two-level atom: |g) and
le). They are assumed to have opposite parity (hence dipole transition is allowed) and orthogonal to each

other. From these one can construct four independent operators:
l9)Cgl, 1g){el, le){gl, le)el,
which form a complete basis. Any arbitrary operator, O, can then be expanded onto this basis as
O = O4y64g + Ogege + Ocgbeg + Ocebee
where ¢;; = |i)(j|, and O;; = (i|O|j). In particular, the dipole operator d = ef can be expressed as

d =dy.bc + degdeg

where we have used the property that states |g) and |e) have opposite parity such that (g|t|g) = (e|t|e) = 0.
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19.3 Feynman-Bloch Vector and Optical Bloch Equations
Assume d.y = dge = d, the total Hamiltonian under the dipole approximation is:
H = hwobee —d - E = hwobee — d - E(6,0 + Gey)

Using
ihO = [0, H],
the equations of motion in Heisenberg picture for o;; = (G;;) are (note that the equations of motion for

operators &;; are linear, their respective expectation values o;; obey exactly the same equations.)

ihgy = —d-E(og —0eg)

ihbee = d-E(og —0cg)

ihGeg = —hwooeg —d - E(0ce — 0gg)
ihoge = hwooge +d-E(0ce —0g49)

These are called the optical Bloch equations (OBEs). Instead of 0;;, it is sometimes more convenient to use

the following 4 real operators

So = 049+ 0ce, total probability (19.1)
S1 = 0ge+ 0eg, dipole moment (19.2)
Sy = i(0ge —0cg), dipole current (19.3)
S3 = 0ce —0gg, population inversion (19.4)

That S; represents the dipole current can be seen from the following. For a non-interacting atom, the

Heisenberg equation of motion for its position operator is given by

d. p
alb- S
dt m
At the same time, we can compute dit/dt from the H4 commutator:

d . . R .
zhﬁr = [, Ha] = hwolt, le)(e]] = hwo(rgebge — Tegleg)

Using the phase convention such that r.; = ry. and using d = er.4, we have

eB = —iwod(0ge — Ocg) = —wodSo
m

Since charge times velocity (ep/m) is called current, we see that indeed Ss represents the dipole current.

Using S’s, the OBEs take the form

Sy = 0 (19.5)
S = —wpS, (19.6)
S = wosi+ 4 Eg (19.7)
g = _MEg (19.8)
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The first of these equation is a consequence of conservation of total probability Sy = oce + 044 = 1. Define
the Feynman-Bloch (FB) vector

S =[S, S, S5]
the last three equations of motion can be combined to give

S=Qp xS (19.9)

where the vector
2d - E
Qopt = |:_h7 07 c"10:|

represents an effective magnetic field if we think of S as a magnetization vector.
The vector S was first constructed to study the nuclear spin motion in a magnetic field. Feynman was

the first one to generalize it to a generic two-level system.

19.4 Main Motion of FB Vector

3
Q(s)l
e
S
(+)
- Q 2

Figure 19-1: Motion of the Feynman-Bloch vector.

The motion of the FB vector yields everything about the time dependence of dipole moment, dipole
current and population inversion. For typical parameters, wy > |2d - E/A|, 50 Qopt = wo3 (designate by 1, 2
and 3 the fixed unit vectors of the three-dimensional coordinate system). Hence, from Eq. (19.9), the “main
motion” of S is then simply constant precession about axis-3.

Now, for a monochromatic light field,

E(r,t) = Eq (e + c.c.) = 2Eq coswt
we can decompose qpt as
Qopt = Q® + Q) + Q)
where
Q® = w3 (19.10)

QF) = _R(coswtl+sinwt?) (19.11)
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where R = 2d - Eq/# is the so-called Rabi frequency.

We can see that Q&) rotate in the 1-2 plane in opposite directions. Q(*) rotates nearly in phase (co-
rotating) with the main motion of S, while Q) (counter-rotating) rotates in the opposite direction from
the main motion. We expect S to see a very rapidly alternating effect from ©(~) and a persistent effect from
Q). Nearly synchronous rotation in the same direction as the main motion is called a co-rotating wave,
and opposite rotation is called a counter-rotating wave. The Rotating Wave Approximation (RWA) results

from the neglect of all effects of the counter-rotating terms.

19.5 Rotating Wave Approximation and RWA Equations

Taking the hint from the discussion above, let us define a rotating coordinate with rotating axis 3:

eil(t) = coswtl+sinwt? (19.12)
ex(t) = —sinwtl+ coswt? (19.13)
e3 = 3 (19.14)

Key advantage of rotating frame: automatically separates time scales, allowing more detailed examination
of slow but significant changes.
Now we want to derive the new equations of motion, i.e., the counterpart of Eq. (19.9) in the rotating

frame. First, we decompose S in the new frame as

S=ue(t) +ves(t) + wes

where
U coswt sinwt 0 S1
v = —sinwt coswt 0 So
w 0 0 1 S3

Second, we want to decompose £2,p¢. Using

QG = wes (19.15)
Q) = _Re, (19.16)
Q) = _R(cos2wte; —sin2uwtey) (19.17)

As one can see, Q(7) represents terms rotating at frequency 2w. These fast rotating terms average quickly
to zero. This is the reason that we can neglect these double-frequency terms. This is called the Rotating
Wave Approximation (RWA).

Now we seem to be ready to convert Eq. (19.9) into the rotating frame. But before doing so, we should
remind ourselves about the Coriolis effect from classical mechanics: the rate of change of a vector V in a
rotating frame is the rate of change of V in the original fixed frame minus a Coriolis term, which is given
by wa x V, where a is the unit vector in the direction of the axis of rotation and w is the rate of rotation.

Therefore,

S) =(s —w3x 8 =0fWA g (19.18)
(8),00 = (8) s
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where

QRWA = 7Rel - Aeg

with A = w — wq being the laser detuning from atomic transition frequency.

The equations for the components of S in the rotating frame under RWA can be easily extracted:

u 0 A0 u
d
Bl — _ 19.19
a v A 0 R v ( )
w 0 —R 0 w

It is also instructive to note that the expectation value of the dipole operator

1 1 )
(d) = dgeoge +cc. = idgE(Sl —1iS3) +ce. = idge(u —iv)e ™" +ce.

Hence (u — iv) can be interpreted as the dimensionless part of the dipole moment in the rotating frame.

19.6 RWA Solution

It’s easy to see that

w4t +uwi=1
Hence the precessional dynamics of the dipole moment, dipole current and atomic inversion are therefore
equivalent to trajectories traced out on the surface of a unit sphere.

For fixed R and A, one can easily find the solution to Eq. (19.19). A second derivative of the v equation,

followed by substitution from the @ and w, leads to
a? 2 2
with the solution

sin Q¢

v(t) = v(0) cos Qt + Ug))

where Q = VR2 + A2 is the generalized Rabi frequency, and is just the length of the vector QFWA,
With the solution given above for v(t), we can solve for u(t) and w(t) straightforwardly. Remember that

0(0) = —Au(0) + Rw(0), the results can be expressed as

u(t) sin® a + cos? a cosQt  —cosasinQt  cosasina(cosQt — 1) u(0)
o(t) | = cos asin 2t cos )t sin o sin 2t v(0)
w(t) cosasina(cosQt — 1) —sinasinQt  cos? a + sin® a cos Qt w(0)

where the angle « is define by

cosa=——, sina=—

Q Q
For the most commonly encountered case where initially all the atoms are in the ground state, i.e., [u(0) v(0) w(0)] =
[0 0 — 1], we have
u(t) cos asin a1 — cos Q)
o(t) | = — sin asin Q¢

w(t) — cos? o — sin® av cos Ot
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The corresponding solution for the excited state probability pe(t) is:

1 1 R? Ot
pe(t) = i[w(t) +1] = 3 sin? (1 — cos Q) = — sin? —

This solution shows the famous “Rabi oscillations”. In reality, however, these oscillations are always damped

due to relaxation effect.

19.7 Relaxation

So far we have considered only the “coherent evolution”, that is, the dynamics of the two-level atom governed
by its interaction with the driving field. The resulting dynamics exhibits a simple sinusoidal oscillation — it
is reversible. In real situations, this is never the case: due to “relaxations”, the system eventually irreversibly
relaxes to some steady state.

Relaxation arises from the collection of weak and effectively random perturbations that practically every
atomic oscillator is subject to. These perturbations are conventionally attributed to interaction with the
“environment” or “reservoir”, which means any very large physical system coupled to a single atom in a
weak way over a very wide frequency band. The effect of the atom on each reservoir mode is infinitesimal,
insignificant for the reservoir, but with cumulative phase memory over the modes and in this way the atom
produces a finite back reaction on itself that has a damping effect on its diagonal (population) and off-
diagonal (coherence) atomic dynamics. For example, spontaneous emission of an excited atom arises from
the interaction between the atom with the vacuum EM modes.

We will study system-reservoir interaction in more detail later. Here we just add the relaxation phe-

nomenologically: adding by hand the decay rates of the population inversion w and the coherence u and v

as:
i@ = Av—u/Ty (19.20)
0 = —Au+ Rw—v/T; (19.21)
W = —Rv—(1+w)/Ty (19.22)

The general solutions exhibit a damped oscillatory behavior and are given by
X(t) = Ae=* 4 (Bcos st + Csinst) e + D

where X stands for either u, v or w. Depending on which one X denotes, the constant coefficients A, B, C'
and D take different values, while a, b and s are determined by A, R, 77 and 7. The steady state is reached

when the time derivatives vanish. In the steady state, we have

o) = ART}
Ao 1+ (ATy)? + R’TV T,
v(o) = — RTp
L+ (ATy)? + R*T\ Ty
1+ (ATy)?
w(oo) = + (AT)

1+ (AT)? + RPTV T,
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Without the light field (i.e., R = 0), we have

1+w) = (I+w)e /M (19.23)

(u—iv), = (u—iv)edt T (19.24)

With relaxation, the length of the vector u? + v? 4+ w? is no longer a constant.

Here T} is the decay constant for the population inversion, and 75 is that for the coherence. These
constants are introduced in the study of NMR, where T7 and T5 are called the longitudinal and transverse
decay constants, respectively. Let us take a closer look at these two constants. First we realize that things
which make the population decay also make the coherence decay. For example, consider two energy levels

|i) and |j) and the state vector given by
) = Cili) + Cjl4)

If the populations in state |i) and |j) decay with rate I'; and T, respectively, i.e., C; ~ e Tit/2 and
C; ~ e Tit/2 then

0ij = (WliNIY) = CICj ~ e T2

Second, there exist dephasing mechanisms (elastic scattering) that randomize the phase relationship between
C; and Cj, but leave their magnitude (i.e., population) unchanged. If the dephasing gives rise to a coherence

decay rate (3;;, then we have
1 _ I + Fj
T, 2

+ Bij

In a system with dominating dephasing collisions, we have
Ih<T

For the two-level atom we are considering here, if the only relaxation mechanism is the spontaneous emission

decay of the excited state with rate I, then

19.7.1 Free Induction Decay

In many cases, we need to deal with an ensemble of atoms. The system is usually inhomogeneously broadened
due to, e.g., thermal motion of the atoms. The inhomogeneous broadening introduces a distribution of
effective detunings. Macroscopic properties of the system are usually averaged over this distribution.

As an example, consider an ensemble two-level atoms with a Lorentzian distribution of frequencies. The
laser field is resonant at the peak frequency of the distribution. In the rotating frame, we have the distribution

of the effective detuning as
ow 1

PA) =T 357 (0w)2

where dw represents the width of the distribution.
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Suppose the laser field drives the atoms to the steady state before it is turned off. Then the Bloch vector

will evolve according to Egs. (19.23) and (19.24). In particular the dipole moment evolves as

(w—iv)y = (u—iv)o AT

The polarization density associated with these dipoles is
P(t) = NdcyRe [/ dA P(A)(u — iv)g ettt/ e_i‘”t}

where A is the atomic density. With the simplifying assumption that the initial values of ug and vy are

A-independent, and the Lorentzian distribution, we have

P(t) = NdegRe [(u _ i”U)O eiwtft/T2:| 676“’%

from which we see that the inhomogeneous broadening results in an additional decaying term ~ e =9t

Under the condition dw > 1/T, this extra term is the dominant decay term. The explanation of the
phenomenon, which is called the free induction decay, is simple enough. The extra decay factor is due to
the interference of all of the dipoles with frequencies distributed throughout the inhomogeneous line. Thus
damping due to inhomogeneous broadening may be thought of as a kind of dephasing process that damps
only the macroscopic polarization density P(t). Each individual dipole continues to oscillate for a time 7'
Well before that time, however, P(t) may be effectively zero because the dipoles may have drifted completely

out of phase with one another.
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Chapter 20

Resonant Coupling between a

Discrete Level and a Continuum

20.1 Derivation of Fermi’s Golden Rule

In many times, we are dealing with the situation where a discrete level |p;) with energy E; is coupled to a

continuum |ps) whose bare energy Ey varies continuously. Such examples include:

e Photoionization — An atom, initially in a discrete internal state, absorbs a photon having an energy
higher than the ionization energy of the atom, and ends up in the state lying in the ionization contin-
uum. This disappearance of a photon, accompanied by the appearance of a photoelectron, is simply

the well-known photoelectric effect.

e Photodissociation — The initial state is a ro-vibrational ground state of a stable molecule. The absorp-
tion of a photon brings the molecule to a dissociative excited electronic state and the molecule breaks

apart.

e Spontaneous emission — Spontaneous emission of an excited atom is another example. Here the final

state contains a continuum of photon states.
We split the Hamiltonian into the bare part and the interaction part as
H=Hy+V

where the bare or unperturbed Hamiltonian Hy is assumed to be time independent and Ho|g; ) = E; f|oi f)-

In the interaction picture, the wave function evolves according to
L d
ih= Wi (t) = Vi(t) [1(2))
where Vi (t) = Uy ' (t, to)VUo(t, to) and Uy(t,tg) = exp|—iHo(t — to)/h]. This can be integrated to give

[Ur1(t)) = |[¥1(to)) + %//dtl Vi(t1) [¥r(t))

to
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(@ (b)

Figure 20-1: (a) Photoionization of an atom; (b) Photodissociation of a molecule.

which is an integral equation that can be solved by iteration. Thus, we may regard |¢;(to)) as being a
zero-order approximation to [¢7(t)), and substitute it for [¢;(¢1)) in the integrand yields the first-order

approximation ,
r(0) = o)+ g |t Vien) ()

One more iteration we have the second-order result
1 t 1 t t1
i) = o0l + 55 [t Vicen) lorteo) + g [t [ dta Vi) Vel (e)
to to to
This procedure can continue indefinitely to yield an infinite series.

For our purpose, assume the interaction is not very strong and/or the interaction time is sufficiently
short, such that the first-order result suffices. Now let |¢;(tg)) = |¢:), we want to calculate the transition
amplitude to the final state |py), assumed to be orthogonal to the initial state, after an interaction time of
T. The transition amplitude is given by (take tg = —T'/2 and t; = T/2)

Afi(T) = (pslii(ty)) = f/ dity (¢ Vi(t1) i) = .*/ dty Vg e Fr=Fon/n
ih ) 7o ih

—T/2

where Vy; = (¢¢| V |p;) has assumed to be time-independent. Then we have
AfZ(T) = —271'in¢ (5(T) (Ef - El)

where

5TV (Ey — E,) = R /T/2 dt, e Er—Et [ _ 1sin[(Ey — E;)T/(2h)]

2rh J_7/2 m E; - E;

is the diffraction function. This function peaks at Ey — E; = 0 with the maximum value T'/(27h), and its
width is on the order of 47h/T (distance between the first two zeros on either side of the peak). Its integral
over ¢ equals one. All these properties show that (5(T)(Ef — E;) behaves like a delta function. In fact, in

the limit 7' — oo, §(")(Ef — E;) — 6(E; — E;).

The transition probability is given by |Af;(T))|?, for which we need to evaluate

Sin2 — Ly
[5(T) (Ef _ Ez)]2 _ % [((E‘g‘f _EE)Z,‘)Z;/(2H)]
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which peaks at Ey — F; = 0 with maximum value 7%/(27h)?, and its width is again on the order of 47h/T.
In addition, we can work out the integral over F; as

1 o0 T/2 ) T/2 ‘
72/ dEf/ dty €Z(Ef7Ei)t1/h/ dty e/ Er—Eit2/h
(2rh)? J_ o 12 02
1

oo T/2 T/2
— / dEf eiEf(tlthg)/h / dtl dt2€7iEi(t1+t2)/h
( 2 —0oo —-T/2 —-T/2

v " 22 )/ b
= dt / dto 2who (t1 + to e i (t1tt2
(27h)? /_T/2 1 1/ ( )

T
wh

/OO dE; 8By — E))? =

DN
- 3
~

[\

Therefore we are justified to write

T
§(E; — B2~ —36TNE; — E
[0 (By — o))" = 507 (B — Ei)
Therefore the transition probability from |¢;) to |¢f) is proportional to the duration of the interaction T,

which allows us to define a transition rate equal to
1 2w
Wi = flAfz'(T)l2 ~ f|Vfi|25(T)(Ef - Ey)

The final state |¢f), which belongs to a continuum, is not normalizable. The quantity that does have a
physical meaning is the transition rate toward a group of final states. For example, the sum of the above
equation over all the states |¢y) gives the transition rate I' of the discrete state |¢;) to any state of the

continuum:

s s
T=) wpi= w > VP (Ey - By = ~|Viil*p(Ey = Ei)
G 7

where |Vy;| is assumed to be dependent on E; only and p(E; = E;) is the density of final states evaluated

at By = F;. This is just Fermi’s Golden Rule which is very useful over a variety of problems.

20.2 Semiclassical Theory of Photoelectric Effect

We can straightforwardly apply Fermi’s Golden Rule to explain the photoelectric (photoionization) effect.
Here the initial state is an atom in a bound state with energy Ey < 0 (we take the bottom of the continuum
as the energy reference level) and a photon with frequency w, hence E; = Ey + hw. The coupling between
the bound state and the continuum can be treated using the dipole approximation: V = d - £ye where &
and € are the amplitude and the unit polarization vector of the light field, respectively. Here we use the

semiclassical theory where the light field is treated classically. Then the transition rate is given by
27 9 02
I'= €|dfi - €["Eyp(Ep + hw)

where df; = (p f|&|%> is the dipole transition matrix element.
Since all the final states lie above E = 0, hence p(E) = 0 if E < 0, which implies a minimum threshold
photon frequency fiw > |Eg| for photoemission, and as long as this condition is satisfied, there is a non-

vanishing probability for photoelectron emission to occur as soon as the detector is exposed to the light, no
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matter how weak the field may be. This shows that the particle concept of photon is not required to explain
the photoelectric effect, contrary to conventional wisdom.

Remark: The preceding discussion seems to indicate that the probability of photoionization is zero for
hw < |Ey| because the absorption of a photon cannot bring the atom into the ionization continuum. This
is correct for weak light intensity for which the above perturbative treatment is valid. At high intensity,
the atom can be photoionized even if iw < |Ey|. This occurs through a multiphoton ionization process,
during which the atom absorbs n photons, bringing to it an energy nhw sufficient to pass into the ionization

continuum.
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Chapter 21

Multi-Photon Resonant Coupling

So far we have dealt with the processes of emission and absorption that involve only a single photon. More
complex processes may occur in which the number of photons may increase or decrease by several units.
Such processes are called multi-photon processes. There are many types of multi-photon processes. Here we
will discuss one particular example as illustrated in Fig. 1 which describes a two-photon process: State |0)

is connected to |2) by a two-photon coupling via a set of intermediate states |{j}).

|20

} lirc

oo

Figure 21-1: A resonant two-photon coupling scheme.

Take the bare energy of state |0) to be the energy reference. States |2) and |{j}) have energies hws and
hwj, respectively. The frequency of the light is w. We consider the situation that the two-photon coupling

between |0) and |2) is near resonant, i.e., the two-photon detuning
AP =205 —wy ~ 0

but none of the one-photon coupling between |0) and |{j}), or between |{;j}) and |2) are resonant.

The Hamiltonian under the RWA can be written as

1 = 3 Rl henl2) 245 3 (o™ 0] + Qe [0)(71)+5 3 (aye ! [2)(7] + 0,6 1) (2]

J J J
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The atomic wave function has the following general form
(1)) = co(t) 0) + 3 5 (£) 75t ) + o (t) 121 [2)
J

Initially the atom is in state |0), therefore

With these expression, we have
0 . . s —iwjt . —iw;t . . —iwat . —twat
zh&hb(t» =ih | ¢|0) + Z (¢je” ™" —iwjcje” ") |j) 4+ (é2e 2" — iwgcpe™ 2" |2)
J

and

Hlyp(t)) Zﬁw cje” it §) 4+ hwacge ™™ 22) + Zﬂjoe Weeold) + ZQ (w=wite10)
j

et + ) S ety
J

Equating these two equations we obtain the equations of motion for the amplitudes:

.. 1 * t(w—w;
icg = §ZQjOe ( J)tcj (21.1)
J
1 4
ic; = *Qjo eTiwmwilt o) 4 Q ellwmwatwilt ¢, (21.2)
’iéQ _ = Z QZ] —i(w— w2+wJ)t ¢ (213)

Equation (21.2) can be formally integrated as
1 ¢ , : 1 b /
iCj(t) = §Qj0/ dtle_l(w_wj)t Co(t/) + 5933/ dt/ ez(w_w2+wj)t Cg(t/) (214)
0 0
Let us consider the first integral at the r.h.s. Integrate by parts we have

i K : ,
_ / dt’ e—z(w—wj)t é()(tl)
0

W — Wy

t

t
/ dt' e—i(w—wj)t Co(t/) _ e—i(w—wj)t C()(t/)
0 w — (.Uj 0

i , i t ; ,
- [eﬂ@wm co(t) — 1] - / dt’ =@t eot')  (21.5)
0

W — Wy W —Wwy
Since the transition between |0) and |{j}) are off-resonant, we expect that c; is small, hence according to
Eq. (21.1), é&g is small. Therefore we neglect the last term at the r.h.s. of (21.5).

Performing the similar procedure to the second integral of (21.4), we have

B QjO e—i(w—qu)t C()(t) -1 Q;] ei(w—w2+w_j)t Cg(t)
c;(t) = - -

W — wj 2 W —wy + w;j

Putting back into Egs. (21.1) and (21.3), we have

y 1 Q)0 [ i(w—wv)t} 1 Do aey
B it PO D] - 2N 20T i 21.6
¢y 42]:“)7%_ Co—e€ 4zj:w7w2+wje c2 (21.6)

y 1 Q20 [ _iny Ci(w—watwy)t] L |2
icy = sz{e co—e€ 2tw; }_,Zicg (21.7)

4 W — w2 + w;
J
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Under the assumption of off-resonant one-photon coupling, the second terms inside the square bracket
represent fast-oscillating terms, which can be neglected. Furthermore, we can define

1 Q02 1 12,2 1= Q9:Q50 1 Q050
S0 = —= 2900 s, = = R o ) Y o 1) R 17257050 o 2 J°7
0 4zj:w_wj7 2 42&}—&)2—’—&}]7 2;&)_60] 2Zw_w2+wj

In the last equation, we have used 2w — ws &~ 0, hence w —w; & —(w — w2 +w;). With these definitions, and

neglect the non-resonant terms, Egs. (21.6) and (21.7) can be rewritten as

1 * o
ity = —duco 3 [AP] ey (21.8)

1 .
iéz = —5262 + 59(2)6_1A(2)t Co (21.9)

which describes a dipole coupling between an effective two-level atom consisting states |0) and [2). Q%)
can be identified as the effective two-photon Rabi frequency. The two levels of this effective two-level atom
obtain additional shifts §y and ds, respectively. These are called the AC Stark shifts.

The intermediate states [{j}) have all been eliminated. This procedure is called adiabatic elimination

which is valid when these states are not resonantly coupled.
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Chapter 22

Photon Echo

We have introduced the concept of free induction decay earlier. In an inhomogeneously broadened medium,
macroscopic polarization density P quickly decays away long before time T5 (the time for individual atomic
dipole moment to decay) due to dephasing of individual dipoles. Although irreversibility and decay are
powerful partners that dominate much of many-body physics, some decay phenomena are actually reversible.
Free induction decay is one of them. The reverse of the free induction decay can be demonstrated beautifully

with photon echo.

22.1 Qualitative Consideration

Consider an ensemble of Bloch vectors initially located at (0,0, —1). At ¢t = 0, an intense 7/2 near-resonant
short pulse will rotate them to the es-axis. After the pulse, the vectors will experience free evolution,
i.e., a precession along the es-axis. Suppose they have different detunings, hence they precess at different
frequencies, and quickly get out of phase (i.e., free induction decay). Now we want to see whether it is
possible to convince these out-of-phase Block vectors to become in-phase again via a reversal of the initial
dephasing.

Before discuss further we can take a analogous diffusion with reversal followed by realignment in a different
field as shown in the figure. At ¢t = 0, the race starts. Runners quickly “diffuse” as they have different speed.
At t = At, however, someone fires a gun, signalling all the runners to reverse their direction. Then one can
expect at t = 2At, all the runners will get back to the starting line again, i.e., rephasing has occurred.

Armed with this important insights, we can try to see if we can similar things to the Bloch vectors. It
is however impossible to realign the dephased Bloch vectors in the same way as the runners, because the
direction of turning of each vector is fixed by its detuning. Hence one can not reverse the direction of its free
precession. The Bloch vectors however have a freedom that the runners do not: they are not confined to the
horizontal plane. It is easy to see that a rotation of all the vectors about the ej-axis through 180°, which
can be achieved via a short m-pulse, produces a collection of rephasing moments. The reformed macroscopic

moment is in the opposite direction of the original one.
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22.2 Quantitative Consideration

Now we want to treat the problem more quantitatively. The pulse sequence is shown in the figure below.

E(t) |

w2 T

initial free
"\, induction decay

Figure 22-1: Photon echo time sequence.

The time scale we are interested in here is much shorter than 77 and Ts, but longer than the inhomo-
geneous decay time 1/dw. Hence in the OBEs for each individual atom, we can neglect the decay terms.

Without these decay terms, the solution to the OBEs can be cast into the matrix form as

u(t) g—z + é—j cosQt  SsinQt  —E2(cosQt —1) u(0)
o(t) | = —£ sin Ot cos Ot EsinQt v(0)
w(t) — 82 (cosQt —1) —EsinQt é—j + g—z cos Qt w(0)

At t =0, [u(0) v(0) w(0)] = [00 — 1]. We can solve the dynamics by finding appropriate matrices. At
0 <t < t1,an/2pulse is applied, i.e., Qt; = w/2. Furthermore, we assume that the light field is very intense
such that R > |A[, hence we neglect terms to the second or higher orders of A/R. The effect of this first

pulse at the end of ¢ = ¢; can be characterized by the matrix
1 A/R A/R
Mi=| -A/R 0 1
A/R -1 0

At t; <t < to, the system goes through a free evolution, whose effect can be captured by the matrix

cos Atg;  sinAtg; 0
M, = —sinAte; cosAty; 0
0 0 1
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with oy = to — t1. At to <t < t3, a 7 pulse is applied, i.e., Qt35 = 7. Again we assume R > A, hence

1 0 2A/R
M; = 0 -1 0
°OA/R 0 -1

From t3 to t4 we again have a free evolution with

cos Atyz  sinAtyz 0
M, = —sin Atyg cosAtys 0
0 0 1

The Bloch vector at t = t4 can then be straightforwardly calculated as

u(t4) 0 sin A(t43 - t21) - % COs A(t43 - tgl)
v(ty) | =MyM3Mo M, 0 = | cosA(tys —ta1) + % sin A(ty3 — to1)
w(ts) -1 —2% sin Atog

from which we have

A .
u(ty; A) —iv(ts; A) = — (z + R) eiA(tas—ta1)

~ _Z'eiA(t43—t21—1/R)

Therefore when t43 —to1 —1/R = 0, i.e., at t4 = t3+1t21 +1/R, regardless of the value of A, the dimensionless
dipole moment

uU— U —1

as depicted in the following figure. Thus a macroscopic polarization density will result at time ¢t = ¢,4.

e b

Figure 22-2: Evolution of the dipole moment.

The echo phenomenon was first discovered by Hahn in nuclear spin in 1950. Photon echoes were first

observed in 1964 by Kurnit, Abella and Hartmann.
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Chapter 23

Pulsed Excitation

So far we have taken the electric field to have a constant amplitude. In many situations, we are dealing with

pulsed excitations. Consider a field given by

where we now allow the amplitude £(¢) to be time-dependent. We assume the pulse is sufficiently short that

the time of interest is much shorter than the relaxation time.

23.1 Amplitude Equations
The field is interacting with a two-level atom with a state vector given by
(1)) = cqlg) + ce(t)e™™|e)
and the interaction Hamiltonian is given by
Hing = —d - €£(t) (" [g) (] + e [e)(g])
From these we have
. 1
Ce(t) = Z§R(t)ce(t) (23.1)
1
Ce(t) = i§R(t)cg (t) (23.2)

where R(t) = 2d-€£(t)/h is the time-dependent Rabi frequency and we have assumed, for simplicity, w = wy

(i.e., exact resonance). Consider initially the atom is in its ground state, i.e.,

From Egs. (23.1) and (23.2), we have

Cq(t)eg(t) = ce(t)ce(t)
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Now define ¢, = —ic., we have

by D)y 1) + L ()L(0) = & (&4 (c)?) = 0

i.e., the quantity ¢2 + (c,)? is a constant of motion. It’s easy to see from the initial condition that

Hence we can define

cy(t) = cos @(t), cl(t) = —ice(t) = sin ®)
2 2
Using these definitions, Eq. (23.1) becomes
. 1. e 1, . 0
éq(t) = 5@(15) sin —— = iRsmT

Therefore we have .
Ot) = R(t), or Of) = / R() dt’

0
© is known as the pulse area. A m-pulse corresponds to O(t — oco) = m, after which the population is

completely inverted from the ground state to the excited state.
In realistic situations with multiple atomic levels, the bandwidth of the pulse becomes an issue. The
bandwidth, Aw, of the pulse is roughly the inverse of the pulse duration A7. For femto-second pulse,
Aw = 10'%Hz, which is enough to cover all the levels of the hydrogen atom with principle quantum number

n > 2.

23.2 Bloch Vector Behavior and finite detuning

We can restudy this problem in terms of BLoch vector. The equations of motion for Bloch vector are

“© = Av (23.3)
v = —Au+ Rw (23.4)
W = —Ru (23.5)

At resonance (A = 0), it is easy to see that u is now a constant of motion and v and w can be solved as
v(t;0) = —sinO(¢), w(t;0) = —cosO(t)

where ‘0’ in the argument of v and w represents A = 0.

To generalize this to finite detuning is not straightforward. Due to the time-dependence of R = @, the
Rabi oscillation solution cannot be expected to be relevant here. However, it may be reasonable to expect
that the off-resonance dipoles respond to the pulse in the same way as the resonant dipoles, but with a

detuning-dependent reduction in amplitude. Thus we assume the validity of the following ansatz:
v(t; A) =v(t;0)F(A) = —F(A) sinO(t) (23.6)

where the dimensionless F/(A) is called the diple spectral response function.
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With such an ansatz, Eq. (25.3) can be immediately solved to give
w(t; A) = =1+ F(A)[1 — cos O(t)]

Eq. (24.20) yields
At = — + Rw + R = [F(A) — 1] ©(¢) (23.7)

On the other hand, according to Eq. (23.3), we have
At = A%y = —A?F(A) sinO(t) (23.8)

Equating (23.7) and (23.8), we obtain an equation for © only:

O(t) — — sinO(t) = 0 (23.9)
Tp
where
1 A?2F(A) 1
A T R E

Note that since neither © nor sin © depend on A, the coefficient Tp cannot depend on A either.

Equation (23.9) is known as the pendulum equation familiar from the theory of the pendulum. It has
the full range of elliptic function solutions typical of pendulum problem. Only one of these solutions is
appropriate to our case, i.e., the one that fit the boundary condition that both £ ~ © and £ ~ © must
vanish at ¢ = +00. Such restrictions imply a non-oscillating pendulum, a situation that is possible only if
the pendulum was balanced vertically in the infinite past and then falls and swings once completely over to

end up just balanced vertically again in the infinite future. The associated solution is
O(t) = 4tan™" (e(t_tO)/TP)

or translate to the electric field envelope as

E(t) = 2 gech (t — to) (23.10)

KTp Tp
with k = 2d - €/h. Eq. (23.10) represents the famous hyperbolic secant pulse found by McCall and Hahn in
1967, from which we can identify 7, as the pulse width. Obviously, this is a 27 pulse.

The corresponding solution for the Bloch vector is

QATP <t—t0>
u = —————— sech
14 (A1,)? Tp
t t—t
v = seh( 0>ta h< 0>
1+(A7p)2 P Tp
2 t—to
= —1+-—"— sech®
v +1+(A7p)2 ol ( Tp )

from which it is easy to verify that the conservation law u? 4+ v? + w? = 1 is exactly fulfilled.

Hyperbolic secant pulse has fascinating properties. Later we will revisit these pulses from the perspective
of the Maxwell-Bloch equations. The fact that we are able to derive these hyperbolic secant pulse solutions
is quite remarkable, since we haven’t incorporated the Maxwell’s equations — the equations governing the
dynamics of the field — anywhere in our formulation. This shows the strength of the constraints that the

nonlinearities of the quantum dipole equations impose on the phenomena of resonance optics.
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Chapter 24

Maxwell-Bloch Equations

So far we have focused on atoms as they respond to near resonant radiation fields. Now we will pay attention
to the reverse process, the response of the field to the atoms. Such response must exist since the polarization
density (e.g., arising from atomic dipoles) enters Maxwell’s equations as a source term. Whenever the sourse

polarization is affected by the field that it generates, the issue of self-consistency will arise.

24.1 Field Equations and Dipole Sources

In non-magnetic media with no free charges, the electric field E and polarization density P are connected
by the Maxwell’s wave equation:
102 19
V2- - |E(rt)= — —P(r,t 24.1
(V- o ) B0 = o 2Pt (24.1)
For simplicity, let us consider the situation the field is linearly polarized, say along x-axis, plane wave
propagating along z-axis. Hence we neglect the vector nature of E and P, and their magnitude depend only

on z. Hence the above equation is reduced to

2 2 2

(;ZQ - 012;2) Bz t) = 60% %P(z, ) (24.2)

We have already found that the time-dependent atomic dynamics is easier to treat in the rotating frame
since the Block vector moves much slower in this rotating frame. Now we will follow a similar procedure
in treating evolution of the electric field. To this end, we separate off a plane-wave carrier factor, which

oscillates very rapidly in both space and time
E(z,t) = E(z,t) e '@k e P(z,t) = Pz, t) e @R fee

The envelope functions &(z,t) and P(z,t) still depend on both z and ¢, but its spatio-temporal dependence
is much slower. Quantitatively, this means

DE(z,t)
0z

9?E(z,1)
072

OE(z,1)
ot

9%E(z,1)

E2E(2,t)] > k 12

, WHE(z )] > w

and similarly for P(z,t). This is called the slowly-varying envelope approzimation (SVEA).



116

Using the SVEA, we have

2% 10 PE 08 oail iteris 1028 _wdE Wil ioins
<8z2_c28t?)E - azz“l’faz‘”] T G aE gy, —at| e T e
o 10E ,
~ 92 ve - Yo —i(wt—kz) ..
Zk<8z+cat>e + c.c
and similarly
d? 9*P P , L
@P =12z 2iwa— — WP emiWtks) e 2P e Wik e
z

Therefore the SVEA form of Eq. (24.2) becomes
0 10\ s ik -
L) E= 2 24.3
(82 * c 615) 2¢e0 & (243)
Now let us decompose the field envelope into its real magnitude and phase as
E(z,t) = E(z,t) e (24.4)

Note that a time-dependent ¢ implies a frequency that shifts with time (known as the frequency chirp), and

introduces the notion of an instantaneous frequency
w(t) = w + ¢(z,1)

When we come to the rotating frame transformation, we will use the instantaneous frequency, which requires

a modification of the rotating wave transformation accordingly as

U o= (A+¢)v
v = —(A+¢)u+ Ruw
w = —Rv

The transverse components of the Bloch vector in the lab frame and those in the rotating frame are
related as

S| — 1Sy — (u — Z'U)e_i[Wt+¢(Z7t)]

and the polarization density is then

P(z,t) = =Nd(u — iv)e =1 (24.5)

DN | =

with NV being the atomic density.
With (24.4) and (24.5), we can separate Eq. (24.3) into two real equations for £ and ¢ as

0 10 TN dw
(az ¥ 8t> £ = eV (24.6)
0 10 TN dw
& <8z + Cat) (Z) - 4500 (% (247)

Therefore we see that v is the absorptive part of the dipole moment, responsible for changes in the field

amplitude (£), while w is the dispersive part, giving rise to changes in the field phase (¢).
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Since in the Bloch equations, the effects of the incident field £ on the atom are expressed in terms of the
Rabi frequency R = 2d€ /A, it is natural then to convert the propagation equation for £ in to a propagation

equation for R. From (24.6) and (24.7), we have

o 190 1
47 = B 24.
<az+cat>R 2" (248)
0 10 1
42 - _= 24.
R<8z+cat>¢ 2" (24.9)
where we have collected all the dimensional quantities into a single parameter
~ NdPw
p= eohc

24.2 Propagation and Beer’s Law

To find the dynamics of the field during propagation, we need to know u and v. According to the Bloch
equations, we have
d

2 (u—iv) =i(A+ ) (u—iv) —iRw

which can be solved formally as
t
(w—iv), = —i / dt’ 201 (ile=] Rty (t')
—o0
where the lower limit ¢ = —oo is simply the time before the arrival of the light pulse, and we have assumed
that initially, all the atoms are in the ground state.

We recall that in the presence of inhomogeneous broadening, we have to average over the distribution
of detuning g(A). We will assume a broad and smooth distribution, implying a very rapid inhomogeneous
decay. This will impose a short-memory Markov-like condition on the time evolution. In addition, we assume
a weak excitation, i.e., the population remains largely in the ground state, hence w(t) =~ —1 at all t. With

these assumptions, the averaged u — iv becomes
t
(u —iv); = iR(t) / dA g(A) / dt’ A=) (24.10)

— 00

The integral on the r.h.s. can be evaluated as (shift the time variable to s =t — t’)

/ dA g(A) [ ; dt! A=) / dA g(A) /0 T dseids = / dA g(A) <7r6(A) +ZZ> — 7g(0)+i / A g(A)g

where P denotes the principal part of the integral.
Therefore we have

u= —R/dA g(A)%, v =—Rmg(0)
and the propagation equations become

(aaz + 1;) R(z,t) = —%g(O)R(z,t) (24.11)

(;ZJri;) ¢(z,1) = g/dAg(A)g (24.12)
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The equation for R has the solution
R(z,t) = R(0,t — z/c)e™ /2

with o = mpg(0) being the absorption coefficient, which indicates that the electric field maintains its pulse
shape during propagation but the pulse amplitude is attenuated exponentially at the rate /2. Converting

to pulse intensity which is proportional to the square of R, we have
I(z,t) = I1(0,t — z/c) e~ **

This is known as the Beer’s Law. The rate « is associated with the inhomogeneously broadened cross section

as a = N, hence

~ mpg(0)  wdPw
7= ./\/ N EQhC g(O)

24.3 Area Theorem

Earlier we have shown that under the factorization ansatz
v(t; A) = F(A)u(t;0) (24.13)
the pulse area satisfies a pendulum equation

.1
O - —5sin®©=0 (24.14)

Tp

Now we will derive the Area Theorem by returning to the propagation equation

o9 10 ,
= —ig(2,1) _ —ig(z,t)
(&z T 8t> {R(z,t) ] "9 (u iw)e

Next we will substitute (u — ¢v) into the propagation equation. The solution for (u — v} is the same as in

(25.7) except that we now retain the dynamics properties of w:

(u —iv) = —iR(t) / dA g(A) /_ t dt' 201 (2, 1 A)

Egs. (24.11) and (24.12) will be modified as

0 10 T
(az + - C 8t> R(z,t) = 79(0) w(z,t;0) R(z,t) (24.15)
0o 10
— = —= A A 24.1
(5 +257) =) = 5 [ana(@) T utna) (24.16)
To obtain an equation for area ©, we must now integrate both sides of (24.15) over time from ¢t = —oo to

t = co. Since R(t — 4o00) = 0, the integral of the t-derivative on the Lh.s. gives zero contribution, so we

have
6 = /dthtO (2,1) /d@wzt()
82

Since w(z,t;0) = — cos ©, we have

« a .
%8(2) =-3 /d@ cos© = —3 sin O(z) (24.17)
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This is the Area Theorem derived by McCall and Hahn in 1967.

In the limit for weak field, i.e., for small pulse area, sin © =~ O, then we have

2@(z) = —

0z O(z), or O(z)=0(0) o z/2

|9

which is just the Beer’s Law. Hence the Beer’s Law is a special case the Area Theorem.

Area Theorem is remarkable in several ways. First it works for an arbitrary amount of inhomogeneous
broadening. Second, it predicts multiple steady state solutions for the values © = nw, where n = 0,1,2, ....
However only when n is even the solution is stable. This is shown in the figure below: as the pulse propagates,
the area tends toward even multiples of . Note that a stable area does not necessarily imply a stable pulse
shape as R(t) can change in time with © being fixed. Next we will see what kind of pulses also have a

constant shape.
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24.4 Optical Solitons and Self-Induced Transparency

We have seen that the factorization ansatz (24.13) of the OBEs permits a special solution. Now we want to
put this into perspective in the context of the propagation equation and demonstrate that a hyperbolic secant
2m-pulse which is both area-stable and shape-stable is indeed a solution of the Maxwell-Bloch equations.

We will start with the propagation equation

o (0 190\, nu .
&<&+0m)e_—%Fm»$M) (24.18)

where we have used R = © again. This is a nonlinear wave equation since sin © is a nonlinear function of ©.
To anticipate a shape-preserving solution, we will define a local time

E=t—2/V

where V' will be identified as the pulse velocity. In terms of &, we have
0 d 0 1d
. 2 2 ,_ -2
ot s’ 0z V d¢

Hence we can rewrite (24.18) as

Lo gne (24.19)
= S111 .
ae” " 2"
if we define Tp as
Pipanr2=L -1 (24.20)
2 PTVYV ¢ '

Equation (24.19) is identical to (24.14) and can therefore be solved in the same manner. The solution that

fits our boundary conditions is

O(¢) = 4tan™? (65/”’>
or in terms of the Rabi frequency

1 1 t—2z/V
R(t,z) = — sech £ — sech t=2/V

Tp ™ Tp Tp

This 27 hyperbolic secant pulse is quite remarkable. It is travelling in an absorbing medium (remember
that all the atoms are initially in the ground state, hence they can only absorb energy from the light), but
managing to do so without loss and without changing its shape. In other words, the medium acts as if it were
transparent. Since this unexpected transparency is produced by the self-consistent field-atom interaction,
McCall and Hahn named the phenomenon self-induced transparency or SIT. Due to its shape-preserving
feature, the hyperbolic secant pulse is an optical soliton.

The pulse width 7, and pulse velocity V are closely related through (24.20). For short pulses, V — ¢,
but V' can be very slow for long pulses. Using F(A) = 1/[1 + (A7,)?], we have

= [ s

When 7, > 1/6w (where dw is the inhomogeneous broadened linewidth), we have

1 B i 1/’rp T
NN R CHRCYES )
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then we have
(F(A)) =mg(0)/7p

from which it follows that
c

V=—r—"—
1+ aer, /2

which can be much smaller than c if acr, is large.

24.5 SIT and Pulse Propagation

An obvious question one may ask is how can the pulse velocity significantly lower than ¢ if the medium is
“transparent”. Of course, the medium is only transparent in terms of energy absorption. Since a 27 pulse
turns the Bloch vector of an atom from ground state back to ground state, the atom can take no energy from
it. This explains the lack of net absorption by the medium. But this process of turning the Bloch vector
around must be done fully coherently as the atom absorbs and re-radiates all the energy back to the pulse.
This cannot be done more quickly than the inhomogeneous relaxation time 1/dw. That is why the pulse is
significantly slowed down.

Another natural question that can be asked is: how can this magic pulse shape be achieved in practice
and whether it is stable? The hint to this question is provided by the Area Theorem. The Area Theorem
guarantees that the area 27 is stable and that all areas between m and 37w will evolve to 27. If the pulse
returns to area 27, but not to the secant shape, it will have to change its shape (since only secant is a stable
shape). In changing its shape, it probably has to change its area again, and so on. Numerical simulations
show that this process converges rather quickly, i.e., the pulse adjusts itself automatically to the magic secant
shape as illustrated in the figure below.

What if the input pulse has area 2nm with n > 17 A 2n7 pulse is area-stable, but not shape-stable. As

it propagates, the pulse will split into n 27 pulses with the magic hyperbolic secant shape.
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Chapter 25

Rate Equations and Saturation

Phenomena

In our discussion of two-level atoms interacting with a classical laser field, we have neglected the relaxation
by assuming that the time of interest is much shorter than the relaxation time 7T; and T5. However, this
restriction does not limit the range of interesting and important resonant interaction phenomena. Here
we want to study the incoherent resonance phenomena occurring over times that may be much longer the
relaxation time.

Traditionally incoherent optical effects are described by simple detailed-balance rate equations. As we
shall see, these rate equations are merely a special case of the coherent Bloch or Maxwell equations in the

quasi-steady-state limit.

25.1 Rate Equations of the OBEs
The rate equations frequently assumed to describe a two-level atom interacting with a laser field are

ne = —R'(ne—ny)—ne/Ty (25.1)
ng = R(ne—ng)+ne/Ty =—n. (25.2)
where n, = Noe. (ng = Nogg) is the excited (ground) state population density, R expresses the rate of
stimulated emission and absorption due to the applied field. The three terms on the r.h.s. of (25.1) and (25.2)

can be intuitively understood as arising from stimulated emission, absorption and spontaneous emission.

Using w = 0ee — 049 and 1 = 0. + 044, We have
ne = (1+uw), ny=%01-w)

The two rate equations can be transformed to a single equation for the inversion w as

w4+ 1

1

W= —2Rw—

(25.3)
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The question of interest is: what connection can this equation for the inversion have with the one we obtained

from the OBEs?

The OBEs including the relaxation terms are

If Ty is

= Av—u/Ts (25.4)
= —Au+Rw—v/T; (25.5)
= —Rv—(1+w)/Th (25.6)

very short (T < T1), then v and v will quickly reach the quasi-steady-state values which can be

easily obtained from (25.4) and (25.5) as

u=ART}Lw, v=RT,Lw (25.7)

where the Lorentzian factor £ is given by £ = 1/[1 + (AT3)?].

When v in the r.h.s. of (25.6) is replace its quasi-steady-state value, we have

g w4+ 1
'

(25.8)

11}:

where I = R?T\T5 is the “dimensionless intensity”.

Compare (25.8) with (25.3), we immediate find that the rate equation is obtained in this quasi-steady-

state limit which is valid for time t > T5.

With initial value w(0) = wp and under the assumption that field intensity I is time-independent,

Equation (25.8) can be solved as

1 _14IL
) =yt i) "

The solution w(t) is plotted in Fig. 25-1. Several features of w(t) are obvious in the figure. The decay

rate is influenced both by detuning and by the field strength through the parameter (1 + I£), and can be

substantially greater than 1/77.

| [ 1+1 =100

1+1£=10

. . . . 1 . . . .
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

UT1

Figure 25-1: Inversion as a function of time.
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For for sufficiently long time, w will also reach the steady-state value

I 1+ (ATy)?
L+IL 1+ (AT)2+1

(25.9)

Wss =

which depends on the detuning and the intensity. This steady-state value is plotted in Fig. (25-2) as a
function of detuning. As we can see, the width of wss increases with I. This phenomenon is called the power

broadening.

I
-40 -30 -20 -10 0 10 20 30 40

Figure 25-2: Steady-state inversion.

25.2 Rate Equations of the Maxwell Equations

In the general case, the field intensity I is of course not constant, but obeys an equation of motion of its
own. This equation of motion is ultimately derived from the Maxwell equations, which is now coupled with
the OBEs.

Intuitively, we can write down a rate equation for the field intensity as

? =Nolw = o(n. —ng)l (25.10)
2

where o is the emission/absorption cross section, and the two terms on the r.h.s. represents field gain from
stimulated emission and field loss from absorption. As in the previous case, we can similarly ask: how can
this equation be derived from the Maxwell equation?
As we have shown, the field amplitude, or equivalently the Rabi frequency R satisfies the following
propagation equation:
(aaz + igt) R= gv (25.11)
For sufficiently long time, the field reaches steady state, then we can neglect the time derivative on the l.h.s.

and replace v on the r.h.s. by its quasi-steady-state value in (25.7), we have

0 p
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In order to get an equation for the intensity I = R2T}T», we multiply both sides of the equation by RT} T,
which yields
10

ey

This equation has the same form as (25.10) with No = pT,L.
If significant inhomogeneous broadening exists, then we need to average Lw at the r.h.s. of (25.12) over

the inhomogeneous lineshape as

;A) mg(0)
— [ aA a(N w(za _ .
(cu) = [an o) GG = T u(z0)
where we have approximated the Lorentzian factor £ by a d-function:
1 1 1/T:
L /T T 5(A)

T1r(AL)? LA+ (1D)? T

which is valid when dw > 1/T5. Again we can reduce Eq. (25.12) to the form of (25.10) with N'o = umg(0) =

Q.

25.3 Saturation Spectroscopy

In the situation where a weak probe field interacting with an absorption medium composed of an ensemble
of ground state atoms with large inhomogeneous broadening, the absorption spectrum of the probe field is
governed by the inhomogeneous distribution function g(A), whose width is normally much wider than the
homogenous linewidth (or natural linewidth) 1/77. To obtain the information on the homogeneous linewidth,
saturation spectroscopy is usually employed. Let us consider how this works.

The absorption of the probe is governed by Eq. (25.12). For saturation spectroscopy, the weak probe
field is applied along with a strong pump field. The latter drives the atom to steady-state with

1
1+ L1

Wss = —

Here the parameters are related to the pump field.
From the viewpoint of the probe field, the medium has been modified. The modification can be charac-
terized by the saturated inhomogeneous lineshape function

g(A")

(A = —weg(A) =
gbdt( ) wbbg( ) 1+,CI

which is plotted in Fig. 25-3. As one can see, gsat has a “hole” whose width is given by the width of wgs,
which in term yields the value of 1/T5. Of course, it is not that there are less atoms in the hole region, only
that these atoms are busy interacting with the pump field (i.e., “burned” by the pump), hence do not do

their fair share of work in absorbing the probe field. Such a phenomenon is referred to as the hole burning.
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Figure 25-3: Saturated inhomogeneous lineshape, exhibiting hole burning.
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Chapter 26

Coherent Effects in Three-Level Atom

Quantum coherence and correlations in quantum optics lead to many interesting and unexpected conse-
quences. Some of the coherence phenomena we have encountered include quantum beats and photon echo.

Here we will discuss a few examples in three-level A atom where coherence plays vital roles.

|cC

b0

Figure 26-1: Level scheme of a A atom.

26.1 Coherent Population Trapping and Dark State

The energy levels of a A atom are illustrated in the figure above. Two laser fields with frequencies w; and
wa, respectively, drives the two dipole transitions |a) < |[b) and |a) < |c). The semi-classical Hamiltonian
contains the bare atomic part (take the energy reference at the level |b)), H4, and the interaction part, Hips,

which are given by

Hy = hwgla){al + hwelc){c| (26.1)
Hiye = nge_wlt |a)(b| + gQge_i“’zt |a){c| + h.c. (26.2)

The state vector has the general form

[0(8)) = calt)e™ ™" |a) + e (£)]b) + co(t)e ™" |e)
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from which we can derive the equations of motion for the amplitudes as

1 : 1 ,

T iﬁlcbe_mlt—l—iflgcce_mﬁ (26.3)
1 .

ic, = 5Q’;caemlt (26.4)
1 .

ic. = §Q;caem2t (26.5)

where Ay = wy; —w, and Ay = wy — (W, — w,) are the one-photon detunings for the two dipole transitions,
respectively.
Now let us consider the special situation A; = As = A and try to solve the amplitudes equations. Take

one more time derivative on both sides of (26.3) leads us to
f = -

. 1 . 1 . 1 .
Ql(iéb)eﬂm — iﬁlAcb eTIAL iﬁg(ic’c)eﬂm — §Q2Acc e At

(|Ql|2 + |QQ|2) Cq — ’LACa

I NN

which can be solve as

Ca(t) = Ae®'" + Bev2!

where wy o are the solution to the characteristic equation
. 1
i+ 1A+ 1 (|Ql|2 + |Qz|2) =0

ie.,

wig = % (—A + /AT + Qz|2)

and the constant coefficients A and B are fixed by the initial condition as

cal0) = A+ B, éa(0) = —%A(A + B) +iy/A2 + |0 + (A — B) = —%[Qlcb(o) + Qace(0)]

Now one can see that if the atom is initially prepared in a coherent superposition state with

L c(O)——L
VI 2P VI + Q]

then we have A = B = 0, hence ¢,(t) remains at zero all the time, and according to (26.4) and (26.5), cp(?)

ca(0) =0, ¢(0) = (26.6)

and c¢.(t) also maintain their initial values since their time derivatives vanish.

Further inspection shows that with the initial amplitudes given in (26.6), i.e., with the initial state vector

1

Oh = VI 2 + Q)

(Q2]b) — Q!

c)) (26.7)

we have
Hing[1(0)) =0

In other words, this state is NOT coupled by the laser light. State (26.7) is therefore call the dark state.
Once the atom is prepared in the dark state, it remains there and the population is locked to the ground
states of the A atom. For this reason, the state is also called coherent population trapping state, or CPT

state. Note that dark state only exists when A; = Ao, i.e., at two-photon resonance.



129

CPT can be understood as an interference phenomenon. The same final state |a) can be reached via two
routes: |b) — |a) or |¢) — |a). Two two routes thus interfere with each other. At two-photon resonance, the
absorption amplitude cancels each other exactly, resulting in the dark state.

CPT state serves as the basis for many other applications such as adiabatic population transfer through

STIRAP, lasing without inversion (LWTI), electro-magnetically induced transparancy (EIT), etc.

26.2 STIRAP

STIRAP stands for stimulated rapid adiabatic passage. The technique of STIRAP is used to coherently
transfer populations from one state to another state.
Consider the three-level A atom. Initially all the populations are in state |b) and we want to transfer it

to |¢). We notice from (26.7) that

Q
2 0, |c) — dark state
951

— —0,|b) — dark state,
As the dark state is an eigenstate of the total Hamiltonian, according to the adiabatic theorem, when the
Hamiltonian changes in time slowly enough, the dark state will follow the time-dependent Hamiltonian
adiabatically. Hence all we need to do is to adiabatically change the ratio €7/ from 0 to oo, then the
population will be transferred from |b) to |¢). During this whole process, the excited state |a) is never
populated, therefore this process is not subject to decoherence due to the spontaneous emission from the
excited state.
To make STIRAP work, we have 1 /Qs = 0 initially. In other words, the laser field driving the |a) < |c)

transition (note that |c) is unoccupied initially) needs to be turned on first. This sequence may seem a little

counterintuitive at first sight. That is why it is sometime referred as a counterintuitive pulse sequence.

26.3 LWI

According to the conventional wisdom, lasing requires population inversion. Otherwise, the light field will
experience net loss (absorption). However, taking advantage of the existence of the dard state, one can
achieve lasing even though there is less population in the excited level |a) than that in |[b) and |¢). The
reason is simple, if the populations in the two lower levels are trapped in the dark state, they cannot absorb

the light, so from the lasing point of view, these populations do not exist.

26.4 EIT

The strange interactions between light and matter make many phenomena appear counter-intuitive. EIT
is one of the examples. It says that propagate one laser beam through a medium and it will get absorbed;
propagate two laser beams through the same medium and neither will be absorbed. A quite literal trick of
the light turns an opaque media into a transparent one. Here let us demystify EIT using CPT. Qualitatively,

the interactions of the two beams (conventionally called the pump and the probe) with the atoms pumps
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the latter into the dark state or CPT state. Once the atoms are in the CPT state, no light absorption can
take place.

To put this into more rigorous form, let us use the OBEs. We choose OBEs here over the amplitude
equations as in Sec.I because we want to incorporate damping arising from the spontaneous emission of the
excited state |a).

The Hamiltonian is given in Sec.I. The OBEs can be derived as

. . _ . Ql —iwit QT iwit
W0y = Yb0aa — ?6 Oab + 76 Oba
Qo _. Qb
.. . —iwot 2 iwat
1W0cce = VeOaga — 76 2 Ogc + —€ 2 Oca
* *
. Yo+ Ve Q5 it N it
Bap =~ Oab — Walap = - €% 0y + €™ (Taa — obb)
* *
.. Yo+ Ve N ot Q5 ot
10ge = —1 5 Oae + WeOap — 76 Y ope + 76 2" (Caq — Occ)
. O Q3
i0be = WeOpe — 767“"“& Oge + 7261“}215 Oba

Here 7, and 7, are the population decay rate from the excited state |a) to |b) and |c), respectively.

To get rid of the fast oscillating terms, let us define a set of slowly-varying quantities as

5ab — e—z’wlt Cab, 6'ba — eiwlt Cba

5‘16 = e_int Oac, &ca = eint Oca

Gre = el Gy =eTimR)igy,
0ii = Oy, 1=a,bc

The OBEs in terms of these slowly-varying variables are

NP ALL AL

bb Vb0 aa B ab 5 ba
e = eban— 25,1 25

cc fyC aa 2 ac 2 ca
5 b+ Ve - . Q5 _ Q7 .
i0ap = i Gap + DM1Gay — 720017 + 71(0% — Gup)
- Yo+ Ve - . Q1 . Q5 . .
W0qc = 1 9 ca'ac + A20"(10 - ?10'1)0 + 72(0'0,(1 - Ucc)
s ~ Q. Q5
10pe = (AZ - A1)0—bc - %Jac + 720—&1

We are interested in the steady-state solutions which can be obtained by taking the time-derivative to be
zero. Under the condition of the two-photon resonance A; = Ay, the steady state solutions are particularly

simple:
_ 2P S ]2 P LY
Q2+ Q27 7 [+ Q2 ST ]+ |2

and all the other o;;’s vanish. This can be identified as the CPT solution we found earlier.

Tbb Tbe
When Ay # Ay, analytical expressions of the steady-state solution can still be found (with the aid of
Mathematica, for example), but are in general rather complicated. Simplifications, however, can be found

under the following situation. Suppose the atoms are initially in state |b). The |a) < |¢) is driven by a strong

resonant pump field, while |a) < |b) is driven by a weak probe field, i.e., |Q22| > | and Ay = 0. Then the
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population will roughly stay in |b). We are particularly interested in how the system responds when A; is

varied.

Take oy, = 1 and 0,4 = 0. = 0, the steady-state solution of the OBEs can be easily found as
0 2418

Obq = - ~ . (26.8)
2A1 +1y — % (4A% - ‘QZ|2) + ’L2A1’y

where v = 73, + 7. and we have neglected the term |Q;|?/y which is supposed to be small.
Neglect the inhomogeneous broadening, the slowly-varying amplitude of the polarization density for the
probe field is given by
Pra = Ndpava = c0x&1
where dp, is the dipole moment for the |a) < |b) transition, x = x’ +ix” is the so-called susceptibility. Using

Q1 = —2dp,E1/h, we have

v Wi, ([P —4AY) (26.9)
coh (AA7 — |Qu]2)2 + 4AT2 '
d? 2A2
v = N, L (26.10)

coh (442 —[Qa]2)2 + 4A242

Figure 26-2: Real and imaginary part of the susceptibility.

The real and imaginary part of the susceptibility as a function of the probe detuning A; is plotted in
the figure above. It can be seen that, at A; = 0 (i.e., two-photon resonance since Ay = 0), both x’ and x”
are zero. The real part x’ is related to the probe dispersion, while the imaginary part x” is related to the
probe absorption. Hence at A; = 0, there is neither absorption nor dispersion. In other words, the medium
becomes transparent.

As we have mentioned, the origin of EIT can be understood in terms of the dark state. The atoms are
initially prepared in state |b), but quickly get pumped into the dark state by the combined action of the
strong pump and weak probe, as well as the spontaneous emission.

In the absence of the pump field, i.e., Qs = 0, Eqgs. (26.9) and (26.10) reduce to

o WE, A, N, )2
goh  4A3 + 42’ goh  4A% + 42
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which yields the familiar dispersive and absorptive curves for a two-level atom.

26.5 EIT and Slow Light

Quantum coherence allows us to manipulate the speed of light. To see how this can happen, let us again

focus on the EIT system. The refractive indez is related to the susceptibility as

n(w) = (@) +in’ (W) = I+ x@)

where the argument w emphasizes that both n and y are frequency-dependent. Near A; = 0, we have

X/ ~ X// ~ 0
Therefore we have

n/%1+X//2%1’ n//%X///2%0

According to these relationships, it may seem that the medium behaves like a vacuum. But this is far from
the truth. For example, the group velocity of the light can be significantly smaller than c.

Too see this, we need to first introduce the group velocity v, and that of the phase velocity v,. These
concepts can be most easily understood in the following situation. An ideal plane propagating along z can

be written as (take the amplitude to be unity)
A(z,t) = cos(kz — wt)

where k and w are the wave number and frequency, respectively. It is easy to see that A(x,t) is the solution

of the 1D wave equation ) )
((9822 _ 7}1% ;2) A(z8) =0
where v, = w/k is the speed at which the shape of the wave is travelling, i.e., the speed at which any fixed
phase of the cycle is displaced, and hence is called the phase velocity.
Now consider the superposition of two such plane waves. The two plane waves have wave number
k1 =k+ 0k and ky = k — 0k, and frequency w; = w4 dw and we = w — dw, respectively. Their superposition

can be written as
cos(k1z — wit) + cos(kaz — wat) = 2 cos(kz — wt) cos(dkz — dwt)

This can be somewhat loosely interpreted as a simple sinusoidal wave with the angular velocity (frequency)
w, the wave number k, and the modulated amplitude 2 cos(dkz — dwt). In other words, the amplitude of the
wave is itself a wave, and the phase velocity of this modulation wave is v = dw/dk. Since each amplitude
wave contains a group of internal waves (in this example, it contains two waves), this speed is usually called
the group velocity.

Now we can define the phase and group velocities as

Vg = ——

©
k’ dk

Up:
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where w and k are the frequency and wave number of the light field, respectively. In vacuum, we have

vy = vp = c. The phase velocity inside a medium is modified as
v, =w/k=c/n', or n(w)=ck/w

Therefore we have
dn’ ck ¢ dk

c
dw w2 wdw w

which yields

1 c
Vo T T edn T oy dw
Vp ¢ dw dw

From this we see that in order to make v, significantly different from v,, strong dispersion (i.e., large
|dn'/dw|) is required. Many types of media exhibit strong dispersion. However, in many of these media,
strong dispersion is associated with strong absorption. In EIT material, on the other hand, strong dispersive
region coincides with weak absorptive region.

Near Ay =0, n' ~ 1+ x’/2. Hence

d_1ay o, 1
do  2dw  eoh |Q)?

and w % can be significantly larger than 1, under which condition, we have

c €0h|92|2
Vg = —Gw = 2
w 2Ndba

which decreases as the intensity of pump field decreases. This provides a knob to control vg.

In the experiment reported in [Nature 397, 594 (1999)], group velocity as small as 17m/s was detected.
This is more than 7 orders of magnitude smaller than ¢!

Dispersion such that dn'/dw > 0 is called normal dispersion, while those with dn'/dw < 0 is called
anomalous dispersion. In an anomalously dispersive medium, vy can be larger than ¢, or may even become
negative. So the light may appear to exit the medium before it arrives. These superluminal light pulses are,
however, NOT at odds with special relativity or causality. They result from interference between different

frequency components of the light fields inside the media.



